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Summary

We develop a theoretical understanding of Hamiltonian dynamical systems with special
focus on continuation of periodic orbits , both analytically and numerically. The theory
is accompanied by proofs of statements and illustrative examples. A four dimensional
integrable test problem is thoroughly worked through analytically and numerically with
the goal of identifying a periodic solution with maximum value on the Hamiltonian. The
search for this optimal solution is based on the theses that a such is a realisation of a
saddle-node bifurcation of periodic orbits. The existence of the family is ensured by the
use of Lyapunov Center Theorem. The numerical solutions, computed through the use of
the pseudo-arclength scheme, are being compared with the closed form results, and are
shown to be consistent.
With the theory obtained and shown in practice on the test problem, we try to deter-
mine the periodic swimming trajectories of the bigeye tuna described by a Hamiltonian
dynamical system. The Hamiltonian represents the foraging effect of the tuna and the
swimming patterns has been shown to be optimal with regard to this factor in [TSEP16].
Hence the periodic solution that results in the largest Hamiltonian is the target of the
analysis. The same approach is taken as for the test problem, with the difference that this
system is not integrable. It is revealed that only a local maximum foraging effect periodic
solution is derived and not a global one. Lastly we use an optimal solution from [TSEP16]
to continue and identify a family of periodic orbits that exerts a global maximum. In this
family we identify a new periodic solution that exerts a maximum on the Hamiltonian.
All simulations are done by the use of the continuation software AUTO.
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Chapter 1

Introduction

A model, computing the periodic swimming patterns of the bigeye tuna, has been devel-
oped on the hypothesis that it optimizes it’s foraging effect, energy pr. unit time. This
model is a partital differential equation model and a numerically found optimal solution
has showed to verify the hypothesis. The computed result is shown in figure 1.1 below
[TSEP16], see also [Som13].

(a) Phase space (b) Time series of depth (c) Time series of body tem-
perature

Figure 1.1: Solution to the PDE model (solid blue line) plotted together with real life
measurements (dotted yellow line) of a bigeye tuna [TSEP16].

From Pontryagins maximum principle, solving the PDE model is equivalent to finding a
maximum solution to a Hamiltonian dynamical system [Ber95, p. 101-112]. A maximum
solution, in this context, is a periodic orbit with maximum value on the Hamiltonian func-
tion. The task at hand is to identify this solution using dynamical systems theory.

Generically speaking periodic orbits are not isolated but belong to a family of such. Every
orbit, within a family, can be identified by a parameter such as the period or amplitude.
This means that one can plot the value of the Hamiltonian against this parameter for each
orbit and get a plot similar to figure 1.2. As we see, the periodic solution vanishes when
the Hamiltonian surpasses a certain value, not unlike a saddle-node bifurcation. This gives
us our first aim.

Aim 1. Can we identify an optimal periodic orbit as a realization of a saddle-node bifur-
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cation of periodic solutions?

To answer this question we need theory on periodic orbits in Hamiltonian dynamical
systems. Firstly the existence of them need to be ensured. Regarding this matter Lya-
punov Center theorem ensures families of periodic orbits emanates from fixed points with
certain properties. This leads to our second aim.

Aim 2. Assuming we succeed in aim one, could this family of periodic solutions em-
anate from a fixed point?

This aim requires knowledge of fixed points and the analysis of these in Hamiltonian
vector fields. To illustrate what we mean by the two aims, we will showcase an integrable
test problem where we can calculate a family of periodic solutions, emanating from a fixed
point, in closed form and show that the optimal periodic orbit is a realization of a saddle-
node bifurcation. This test problem can be considered as a normal form of the expected
behaviour in the bigeye tuna trajectory system.
From the PDE model we already have an optimal periodic orbit [TSEP16]. This leads to
our third aim.

Aim 3) Can we compute a periodic orbit through aim 1 and 2 that is similar to the
optimal trajectories derived from the PDE model?

The bigeye tuna system, unlike our test problem, is not integrable. Consequently we
need numerical tools to compute these orbits to compare them to the PDE solution. Our
choice is the pseudo-arclength method. This numerical scheme will not be implemented,
however we have access to the continuation and bifurcation software AUTO that uses this
exact method to continue periodic solutions.
Through the test problem we can compare numerically computed results with analytically
derived solutions and thereby show that AUTO can produce periodic solutions equivalent
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to that of an analytical approach.

The objectives of this report can be summarized as:

1. Developing theory behind fixed points, periodic orbits and numerical continuation.
All in the context of Hamiltonian dynamical systems.

2. Understand the implications of the theory and behaviour of Hamiltonian dynamics
through a generic test problem

3. Use the theory and understanding from 1) and 2) to compute the optimal periodic
trajectories of the bigeye tuna

4. Compare this solution to that computed by the PDE model in [TSEP16]

If we succeed in answering our aims how will this add value to the already established
solution of the optimization problem? Say we wanted to know how the tuna would behave
in other situations than the one used to compute a solution. This could be to assess how
climate change or fishing could affect the tuna. To get a full picture of how the different
parameters affect the behaviour of the bigeye tuna we would have to draw bifurcation
diagrams for the parameters of interest. With the PDE model this is not possible within
a reasonable time frame. But with the Hamiltonian system formulation these diagrams
could be available in the long term. To succeed in the long term goal we first need to
understand how the optimal periodic orbits can be computed.

Outline

In chapter 2 we will explorer the theory of Hamiltonian systems that is necessary to
understand continuation of periodic orbits. This includes fixed points analysis, existence
of periodic solutions, Floquet theory and lastly the introduction of the numerical method
of pseudo-arclength continuation. In chapter 3 all of the theory developed in the previous
chapter will be put in use by showcasing it on an integrable system with the properties we
want to study. This will take our understanding of Hamiltonian systems from only being
theoretical to also being stated in a practical manner. Next we will in chapter 4 analyse
the canonical equations describing the trajectories of the bigeye tuna. With all the theory
exemplified on the test problem the analysis of this complicated system becomes much
more tangible. In chapter 5 the numerical results of the continuation, from a fixed point,
will be computed and compared with the PDE solution. Furthermore an alternative to
the computation of a family emanating from a fixed point, namely computing a family
from data, will be showed. All of the results will be put in a framework similar to that of
the test problem which make them more palpable. Lastly we will in chapter 6 discuss the
usefulness of these results and comment on future work.
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Chapter 2

Theory of Hamiltonian Dynamical
Systems and Periodic orbits

The task of identifying optimal periodic orbits require some background knowledge of
Hamiltonian systems. The theses states the optimal solution will belong to a family of
periodic solutions and be a realization of a saddle-node bifurcation. To find this bifurca-
tion we first need to establish the existence of periodic solution families. The existence of
such solutions can be promised by the use of Lyapunov Center Theorem. Hence we need
to unfold theoretic results on fixed point. After concluding existence the computation of
the family is necessary.
In this chapter we will proof essential results regarding existence of periodic orbits. Fur-
thermore the theory of the pseudo-arclength method will be examined with the aim as-
sessing when we can use it and later apply this method to compute families of periodic
orbits.

We introduce the following notation

• ( )x = ∂
∂x , when x ∈ R,

• ( )x = ∇x, when x ∈ Rn and is regarded as a column vector,

• ˙( ) = d
dt .

• Df denotes the Jacobian matrix, for a function f : Rn → Rn.

This holds throughout the report unless something else is explicitly stated. Furthermore it
is assumed that functions are sufficiently differentiable and continuous for their purposes.

2.1 General Properties

The theory of Hamiltonian Dynamical Systems is vast and very much developed. To get
around every little bit of it is close to impossible in one report. We therefore focus this
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chapter on the theory that is essential for the results in this report.

A Hamiltonian system is defined from a function called the Hamiltonian, H : R2d →
R : (q,p) → R, d ∈ N is called the degrees of freedom and p,q ∈ Rd is called the state
vector, qi the coordinates and pi the momenta respectively [MHO08, p. 2]. From this
function we define the dynamical system as

q̇ = Hp(q,p), ṗ = −Hq(q,p). (2.1)

The Hamiltonian is often called the energy of the system and will accordingly be referred
to as that. Note that we restrict our analysis to the autonomous case and thereby only
look at Hamiltonian functions independent of time. Further it is worth noting that these
type of systems will always have even dimension, 2d. By defining the skew symmetric
matrix, J , as

J =
(

0 Id
−Id 0

)
,

where Id is the d-dimensional identity matrix, the system (2.1) can be written in a more
compact way;

ẋ = f(x) =
(
q̇
ṗ

)
= J∇H(q,p), (2.2)

for x = (qp). From hereon we will focus our theory on systems with two degrees of free-
dom, but it is important to keep in mind that many of the conclusions can be generalized
to higher dimensions [MHO08].

The first, and very important, property we present is crucial for the results in this re-
port.

Theorem 1. The Hamiltonian is invariant along flows. I.e. constant with regard to time
on trajectories.

Proof. Differentiating the Hamiltonian with respect to time reveals that no change occur
along trajectories,

d

dt
H(x(t)) = Hq1 q̇1 +Hq2 q̇2 +Hp1 ṗ1 +Hp2 ṗ2

= Hq1Hp1 +Hq2Hp2 −Hp1Hq1 −Hp2Hq2 = 0.

A function with such properties is also called a first integral of the system [Fra08, ch. 14].
Since the Hamiltonian is describing the energy, of the system being considered, it means
that energy is conserved along trajectories. A dynamical system with integrals of motion
are also called conservative systems due to this fact [Mei07, p. 333-335].

In general when considering dynamical systems of any kind fixed points and the Jaco-
bian is central in the analysis [Str14]. Hence a analysis of these is of great interest. Firstly
the fixed points.
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Theorem 2. The fixed points of (2.2) are the stationary points of the Hamiltonian.

Proof. The fixed points are given by

x∗ : ẋ = f(x∗) = J∇H(x∗) = 0.

Since J is a non-zero matrix ∇H(x∗) must equal the zero vector. A point x∗ satisfying
such property is the stationary points of the Hamiltonian [Kre10, p. 937].

After the computation of fixed points linear stability analysis makes use of the Jacobian.
For Hamiltonian systems the following holds.
Theorem 3. The Jacobian matrix of a Hamiltonian system is given by JD2H, where D2

denotes the Hessian.

Proof. The Jacobian is given by

Df =

f1x f2x f3x f4x


T

=

Hp1x Hp2x −Hq1x −Hq2x


T

= JD2H(x)

By investigating the matrices J and D2H we write the following lemma.
Lemma 1. The Hessian matrix of H and the antisymmetric matrix, J have the following
properties

(i) det(J) = 1

(ii) J2 = −I

(iii) J(JD2H)TJ = JD2H

The proof of this boils down to doing a couple of matrix multiplications and will not be
shown in this report [Mei07],[MHO08]. By the use of lemma 1 we can proof the next
theorem [MHO08, p. 57].
Theorem 4. The characteristic polynomial of the Jacobian matrix will always be even.

Proof. For the characteristic polynomial to be even we need p(λ) = p(−λ) , ∀λ[Kre10, p.
490]. By using lemma 1 and that det(AB) = det(A) det(B) we get

p(λ) = det
(
JD2H − λI

)
= det

(
J(JD2H)TJ + J2λI

)
= det

(
JJ(D2H)TJ + JλIJ

)
= det

(
J
(
J(D2H)T + λI

)
J
)

= det(J)det
(
J(D2H)T + λI

)
det(J) = det

(
J(D2H)T + λI

)
= det

(
J(D2H) + λI

)
= p(−λ),

which was what we wanted to show.
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These properties simplify a fixed point analysis drastically. Firstly we know that p(λ) will
only have even exponents which means that we can write a fourth order polynomial as
a second order in λ2 [Wik]. Secondly this means that all eigenvalues will come in pairs,
which, together with general theory of the solution structures of polynomials, gives us only
four different combinations of eigenvalues and corresponding behaviour [Ben15]

1. If λ ∈ R is an eigenvalue then so is −λ. Hence we have a saddle.

2. If λ = iω and ω 6= 0 is an eigenvalue then so is λ̄. This corresponds to a center.

3. If λ ∈ C, Re(λ) 6= 0 and Im(λ) 6= 0 is an eigenvalue then −λ, λ̄ and −λ̄ are all
eigenvalues. This gives the linearized system spiraling behaviour in two planes.

4. If λ = 0 is an eigenvalue then it will have algebraic multiplicity two.

In four dimensional systems combinations of 1,2 and 4 can occur. We summarize the
different combinations in the following

Definition 1. We name combinations of eigenvalues of the Jacobian as follows

• Center × saddle structure: Eigenvalues are ±iω,±λ, where ω, λ ∈ R and non-zero.

• Spiral × spiral: Eigenvalues are ±λ,±λ̄, where λ ∈ C and Re(λ), Im(λ) are both
non-zero.

• Saddle × saddle: Eigenvalues are ±λ1,±λ2, where λi ∈ R and non-zero

• Center × center: Eigenvalues are ±iω1,±iω2, where ωi ∈ R and non-zero.

Especially the center × saddle structure will be shown to be of utmost importance later
in the report.

To simplify the analysis of a dynamical systems one would often make a change of coordi-
nates. An important example of a such change of coordinates is the symplectic coordinate
transformation.

Definition 2. A transformation g : R2n → R2n is symplectic if

Dg(p, q)TJDg(p, q) = J

For Hamiltonian systems the following theorem holds [MHO08, p.135].

Theorem 5. A symplectic change of coordinates in a Hamiltonian system results in a
system that too is Hamiltonian.

The proof of this omitted. This theorem is rather important to the analysis of Hamiltonian
systems. When transforming coordinates one may not be sure if the resulting system
remains Hamiltonian, hence all of the properties may not apply to the transformed system.
But when ensuring that the change of coordinates is symplectic this is ensured. An example
of a such transformation is given below.
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Theorem 6. The transformation g : R2 → R2, g(R,φ) = (
√

2R cos(φ),
√

2R sin(φ)) is a
symplectic transformation.

Proof. We proof this by checking if definition 2 is fulfilled.

(Dg(R,φ))TJ(Dg(R,φ)) =1
2

√
2 cos(φ)√

R
−
√

2R sin(φ)
1
2

√
2 sin(φ)√
R

√
2R cos(φ)

( 0 1
−1 0

)(
1
2

√
2 cos(φ)√

R
1
2

√
2 sin(φ)√
R

−
√

2R sin(φ)
√

2R cos(φ)

)

=
(

0 sin2(φ) + cos2(φ)
− sin2(φ)− cos2(φ) 0

)
=
(

0 1
−1 0

)
.

Hence g is a symplectic transformation.

To showcase this transformation we provide a small example.

Example 1. Given a Hamiltonian and corresponding system

H(x1, x2) = 1
2
(
x2

1 + x2
2

)
, (2.3)

ẋ = J∇H(x1, x2) =
(
x2
−x1

)
. (2.4)

We apply the transformation, that is known to be symplectic from theorem 6, (x1, x2) =
g(R,φ) and get

H(R,φ) = 1
2

((√
2R cos(φ)

)2
+
(√

2R sin(φ)
)2
)

= 1
2
(
2R[cos2(φ) + sin2(φ)]

)
= R

˙̃x = J∇H(R,φ) =
(

0
−1

)
.

We now have a rotational dynamical system.
√

2R is the radius and φ the angle. We see
that R is constant and φ is changing with a constant rate. By integrating φ̇,

φ =
∫ t

0
φ̇(τ) dτ =

∫ t

0
−1 dτ = φ0 − t,

we get a solution (R,φ) = (R0, φ0 − t) for R0 ∈ R. Transforming back to the original
coordinates reveal a solution (x1, x2) = (A cos(φ0 − t), A sin(φ0 − t)) for A =

√
2R0 .

Choosing φ = π
2 we get (x1, x2) = (A cos(π/2− t), A sin(π/2− t)) = (A sin(t), A cos(t)).

This example shows why this transformation can be very useful to identify periodic solu-
tions. Later it is used for that exact purpose for our test problem.
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2.2 Periodic Orbits

The aim of the report is to identify periodic solutions. In this section we will unfold theory
of such that is essential to identify a maximum energy orbit.

Due to theorem 1 the Hamiltonian will remain constant along periodic orbits. This means
that every periodic solution lies on a level surface of the Hamiltonian. This property is of
utmost importance in the analysis of the bigeye tuna because it allows us to characterise
an orbit as being optimal with regard to the Hamiltonian.

Before addressing the existence and computation of the periodic orbits we establish some
theoretical knowledge about them, that is essential to the proofs of the some very impor-
tant theorems regarding this topic.
For a lot of the theory outlined below the Implicit Function Theorem is central. It is
therefore stated briefly [vB04, p.266]

Theorem 7 (Implicit Function Theorem). If y ∈ Rn and µ ∈ R solves the equation
G(y, µ) = 0, G(0, 0) = 0, for G : Rn+1 → Rn, and DyG(0, 0) is non-singular then there
exists a uniquely defined function m : R→ Rn such that G(m(µ), µ) = 0 in a neighbourhood
of 0.

A solution that satisfies the conditions is called a regular solution [Doe14]. The Implicit
Function Theorem holds in more general vector spaces but for our purpose this form is
sufficient.

2.2.1 Floquet Theory

Floquet theory deals with stability of periodic orbits. When determining stability of fixed
points, one would often study the linearized system around a the point. But since we are
now dealing with a periodic orbit and not a single point this method needs to be tweaked.

Suppose you construct a poincaré section, S. Then we can uniquely express a periodic
solution going through S by its value on the section, x0 = p, and the time, of which, we
need to integrate forward in time to reach the section again, i.e. the period, T , of the
periodic orbit. Hence a periodic orbit is given by x(p, t), where x(p, 0) = x(p, T ) = p.
Now suppose we perturb the initial condition slightly, x(p+ δp, 0).
We would now want to know how much the solution is perturbed, with respect to the
initial condition, after one period of time. The amount of perturbation after a period of
time for a certain periodic orbit must be given by the change of the solution, with respect
to initial conditions, times the initial perturbation [Koo06]. Hence

δx(p, T ) = ∂x(p, T )
∂p

δp.

To simplify notation we write ∂x(p,t)
∂p = V (t). The matrix V (T ) is called the monodromy

matrix and can be considered as a state transition matrix that takes an initial pertur-
bation one period of time forward. Hence V (T ) determines whether the distance, from
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the periodic orbit, to neighbouring flows decays or grows, and thereby it determines the
stability of a periodic orbit.

To compute this matrix we use the fact that x(p, t) is a solution to the system;

d

dt
x(p, t) = f(x(p, t)).

Differentiating with respect to the initial condition reveals

d

dt

∂x(p, t)
∂p

= ∂ẋ(p, t)
∂p

= ∂f(x(p, t))
∂p

= ∂f(x(p, t))
∂x

∂x(p, t)
∂p

= Df(x(p, t))∂x(p, t)
∂p

,

⇒ V̇ (t) = Df(x(p, t))V (t)

with initial condition V (0) = I. This is a linear matrix differential equation with the
linearized system, around the periodic orbit, as the system matrix and is called the vari-
ational equation. The solution matrix consists of columns that individually would solve
this linear system. This means that V (t) corresponds to the fundamental solution matrix,
Φ(t, t0) with t0 = 0, of the linearized system around a periodic orbit [Chr09, p. 39-40].
Hence the monodromy matrix V (T ) = Φ(T, 0). The eigenvalues of this matrix are called
the Floquet multipliers of a periodic orbit [Mei07, p. 61-66].

The stability of a periodic orbit is determined by the value of the Floquet multipliers.
Hence it is worth noting a prominent property of these [Mei07, p. 152-153];

Theorem 8. The monodromy matrix, V , for the linearized system around a periodic
solution, x(p, t), will always have at least one unit multiplier.

Proof. By the assumption that x(p, t) is a solution then ẋ(p, t) = f(x(p, t)) holds for all t.
Differentiating with respect to t then reveals

d

dt
ẋ(p, t) = d

dt
f(x(p, t)) = Df(x(p, t))ẋ(p, t),

by the chain rule. Which means that ẋ(p, t) solves the linearized system around the pe-
riodic orbit. Hence it also solves ẋ(p, t) = Φ(t, 0)ẋ(p, 0) [Chr09]. And from T -periodicity
we have ẋ(p, T ) = Φ(T, 0)ẋ(p, T ) which means that ẋ(p, T ) is an eigenvector of the mon-
odromy matrix corresponding to the eigenvalue 1.

For Hamiltonian systems this property can be taken a step further.

Theorem 9. The monodromy matrix of a periodic solution of a Hamiltonian system will
always have at least two unit floquet multipliers.

The proof of this is omitted [MHO08, p.200-201]. Due to the fact that unit multipliers
always are present we call them the trivial multipliers. It is the nontrivial multipliers that
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determines the stability of the periodic orbit. Why that is will be clear next.

As mentioned earlier the monodromy matrix, V (T ), is a state transition matrix that takes
initial pertubation one period of time forward. In terms of the Poincaré section, of which
the periodic orbit was defined by, this state transition corresponds to one iteration of the
induced Poincaré return map, P : S → S. Fixed points of P corresponds to periodic orbit,
which means that stability of a periodic orbit, is given by the stability of the correspond-
ing fixed point of P . A fixed point of a map, and thereby the periodic orbit, is stable
when the eigenvalues of the linearized map is within the unit circle [Ben15]. The following
theorem will now connect the Floquet multipliers with the eigenvalues of the fixed points
of P [MHO08, p. 201].

Theorem 10. Suppose x(p, t) is a periodic solution of (2.2) and the corresponding Floquet
multipliers are 1, 1, λ1, λ2. Then p will be a fixed point of the induced Poincaré map,
P (p) = p, and the corresponding eigenvalues, of the linearized map evaluated at the p, will
equal the non-trivial multipliers, λ1, λ2.

The proof is omitted. Firstly it is worth noting that when dealing with Hamiltonian sys-
tems the Poincaré map will be of two dimensions lower than the original system [MHO08,
p. 200-202]. Which is why P will only have two eigenvalues as opposed to four for the
Hamiltonian system. Since a periodic orbit, x(p, t) is stable when p is a stable fixed point
of the Poincare map, a periodic orbit is stable when the nontrivial multipliers are within
the unit circle.
Furthermore we say that a periodic orbit, of a Hamiltonian system, is an elementary pe-
riodic solution if it only has two trivial Floquet multipliers and a very important theorem
applies to such solutions [MHO08, p. 218]

Theorem 11. Suppose x(p0, t) is an elementary periodic orbit of 2.2. Then x(p0, t) can be
continued in the parameter p. I.e. x(m(p), t) is also a periodic solution for the Hamiltonian
sytem for m a smooth function defined in a neighbourhood of p0.

Proof. The proof will be done by the use of the Implicit Functions Theorem.

The periodic orbit is characterised by it’s period and the value on the Poincaré section
which is depending on the value of the Hamiltonian on the orbit. x(p0, t) is a periodic
solution with the value p0 on the Poincaré section. Hence p0 is a fixed point of the induced
Poincaré map, P (p0, h0) = p0, H(x(p0, t)) = h0 is the value of the Hamiltonian on the
periodic orbit. Since P (p0, h0)− p0 = 0 holds by assumption then one just needs to show
that the matrix D(P (p0, h0)−p0) is non-singular to apply the Implicit Function Theorem.
Due to the linearity of theD-operatorD(P (p0, h0)−p0) = DP (p0, h0)−Dp0 = DP (p0, h0)−
I. For this matrix to be non-singular the determinant has to be non-zero. One sees that
det(DP (p0, h0)−I) can only equal zero if one is an eigenvalue ofDP , since this corresponds
to the characteristic polynomial, det(DP (p0, h0) − λI), with λ = 1. The characteristic
polynomial only has roots for λ 6= 1, by assumption that x(p0, t) is an elementary periodic
orbit. Hence we conclude that the Implicit Function Theorem applies to the Poincaré
map. Thereby P (m(h), h) = m(h) for m defined in a neighbourhood of h0. This further
implies that the periodic solution x(p0, t) can be continued, i.e x(m(h), t) is also a periodic
solution, which was what we wanted to show.
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This theorem is crucial in the proof of Lyapunov Center Theorem.

2.2.2 Lyapunov Center Theorem

Searching for periodic solution of a dynamical system is difficult if you do not know where
to look. Stating qualitative behaviour is often done by the use the Hartman-Grobman
theorem which states that the linear system is topologically conjugate to the non-linear
in a neighbourhood of a fixed point. But this theorem only applies to hyperbolic fixed
points and can therefore only exclude periodic solutions in certain areas of the phase space
[Per01, p . 120-121]. Hence we need a way to show existence of periodic orbits.

For Hamiltonian systems the following theorem is very important and much celebrated.
[MHO08, p. 219-220]

Theorem 12 (Lyapunov Center Theorem). Assume that x∗ is a fixed point of (2.2) and
the jacobian evaluated at this point has eigenvalues ±iω,±λ, where ω, λ are both non-zero
and λ

iω is not an integer. Then there exists a family of periodic orbits emanating from x∗.

The proof will only be outlined through a couple of steps

1. First show that the system admits a periodic solution around x∗ with period 2π/ω.

2. Then show that the nontrivial floquet multipliers of this solution is of the form
exp(2πλ/ω) and thereby cannot equal one since λ/ω /∈ Z.

3. Since the solution only has two unit multipliers it is an elementary solution which
means that one can apply theorem 11 and conclude that a one parameter family of
periodic orbits emanates from x∗

The theorem states that under certain conditions periodic orbits of the linearized system
remain when considering the non-linear system. Due to theorem 4 the only two cases
where the conditions are met is when the eigenvalues of the Jacobian have a center ×
center structure or a center × saddle structure. If we take a look at the first case, the
center × center structure, we see that Lyapunov Center Theorem not only promises one
family of periodic orbits but two. In the theorem we stated eigenvalues as ±iω,±λ. In the
case of center × center λ will also be of the form iα, which means that we can "switch" the
two pairs around when looking at the floquet multipliers in the proof. To compute these
families cannot be done with the methods outlined below.
Because of this we will focus on the family of periodic orbits emanating from a center ×
saddle fixed point, where the family is both promised to exist and be unique.

Since every periodic solution to the system lies on a level surface of the Hamiltonian
one can find a such solution with the largest energy. To find the solution with the largest
energy in non-integrable systems it is necessary to first compute all the periodic solutions,
emanating from the fixed point, and thereafter compare the values of the Hamiltonian for
each orbit. To do this we make use of the continuation software AUTO.
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2.2.3 Pseudo-arclength method

AUTO makes use of the pseudo-arclength method to continue solutions. Before looking
at how this method can continue periodic orbits we look at how one can compute solution
branches to a system of algebraic equations when finding zeros is the problem. This is a
typical case of identifying fixed points in dynamical systems such as this one

ẋ = f(x, λ) = 0, f : Rn × R→ Rn (2.5)

The existence of solution branches is ensured by the Implicit Function Theorem. Say
f(0, 0) = 0 and Dxf(0, 0) has full rank, then the Implicit Function Theorem ensures
that f(m(λ), λ) is also a solution for λ in a neighbourhood of 0. Hence we can define a
continuation scheme as finding the zeros of f(xj , λj) for λj = j∆λ, where ∆λ is the step
size of the parameter λ. As long as ||Dxf(xj , λj)|| is large enough, according to some
tolerance, the continuation scheme

a) f(xj , λj) = 0 (2.6a)
b) λj = j∆λ, (2.6b)

is sufficient, for λ0 = 0, and can be solved for xj by using Newton’s algorithm [DDP03].

When it comes to dynamical systems solution branches of (2.5) will often exhibit folds
(for example at saddle-node bifurcation points), and in these cases (2.6) will fail. At fold
points Dxf(x, λ) does not have full rank, which means that the solution branch (m(λ), λ)
does no longer exist. But if Dλf(x, λ) has full rank a solution branch of the form (x, g(x))
will exist. In general, by defining the vector y = (x, λ), the necessary condition for a
solution branch to exist is that Dyf(0, 0) has full rank, i.e. rank n. Say Dyf(0, 0) has
full rank. Then either Dxf(0, 0) has full rank and x can be continued in the parameter λ
or we can interchange columns in Dyf(0, 0) and the parametrise a solution in one of the
components of x [Doe14].

This "switching" of columns can be systematized by introducing a new parameter, s, a
so called arclength parameter. By introducing this parameter a solution branch now takes
the form of y(s). Computationally the discrete solution points will be yj = y(j∆s), where
∆s is a suitable step size of the parameter s. The introduction of this parameter leads to
the pseudo-arclength continuation scheme [OK07, p. 20-22]:

a) f(yj) = 0 (2.7a)
b) (yj − yij−1)T ẏj−1 = ∆s, (2.7b)

where ẏj is the unit tangent to the branch of solutions at yj [DDP03]. An initial solution
can possibly be found by Newton’s algorithm or analytically. While (2.6) only changes
the parameter λ and thereby forces the scheme to look for solutions as a function of this
parameter, (2.7) is much more flexible. A visualization of the pseudo-arclength method is
shown in figure 2.1

To check if solution branches exist and are unique, when using the above mentioned
method, one would make use of the Implicit Function Theorem and check if the derivative
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Figure 2.1: Graphical interpretation of the pseudo-arclength method [OK07, p. 20]

of the scheme

Df =
(

Fy(y0)
ẏT0

)

has full rank at the initial solution [DDP03]. If that is the case then one would be able
to continue a solution in the parameter s with step size ∆s. In fact it can be shown that
this matrix has full rank if the initial solution is a regular solution [DDP03]. Hence the
pseudo-arclength method will always provide a solution branch if the initial solution is
regular.

In this report our goal is to identify solution branches of periodic solutions with the
target of identifying the one with the largest energy. The pseudo-arclength method can
be modified to address this problem.

2.2.3.1 Pseudo-arclength method for periodic orbits

To calculate solution branches of periodic orbits a modified version of the pseudo-arclength
method can be applied. Instead of having a problem with two conditions such as (2.7) we
are now dealing with four conditions to be satisfied;

a1) ẋi+1 = f(xi+1(t), λi+1),
a2) xi+1(0) = xi+1(Ti+1),
a3) (xi+1(0)− xi(0))T ẋi(0) = 0,

b)
∫ Ti+1

0
(xi+1(τ)− xi(τ))T ẋi(τ) dτ + (Ti+1 − Ti)Ṫi + (λi+1 − λi)λ̇i = ∆s,

(2.8)

where xi(t) are periodic solutions, and Ti is the period associated with the solution xi(t)
[DPK+03]. (2.8a1) ensures that the found solution actually satisfies the system ofdifferen-
tial equations. (2.8a2) Has to be fulfilled for the found solution to be periodic with period
Ti+1.
When continuing a periodic solution, xi, one can always find xi+1(t) = xi(t+ a) for a ∈ R
an arbitrary real number. Hence the next solution will just be a phase shifted edition of the
previous one. These solution branches are of no interest, which is why a phase condition
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is needed. The Poincaré orthogonality condition, (2.8a3), ensures that a solution branch
moves orthogonal to the periodic orbit and tangentially [OK07, p. 31]. Pseudo arclength
continuation depends on the parameter ∆s. When computing periodic solutions (2.7b) is
not enough hence the modified condition is (2.8b). This condition will not be explained
but we refer to [DKK91] for more details

The problem with this method is the fact that it needs a parameter, λ, to do the con-
tinuation. When dealing with dissipative systems this is not a problem, since families
of periodic orbits, generically, only exists by the virtue of a parameter changing. But in
conservative systems, such as Hamiltonian systems, families can exist without changing
any explicit parameter but only the energy of the system. In the problems we will consider
later in the report this is the case. Hence we must formulate a way of identifying such
families of periodic orbits without an explicit parameter λ.
To solve this problem we introduce a so called unfolding parameter and multiply this by
the gradient of the Hamiltonian [DPK+03]. In context of the system (2.2) this gives us

ẋ = J∇H(x) + λ∇H(x). (2.9)

This is now a different system and therefore it results in different solutions in most cases.
But the following theorem ensures that some solutions persist in some cases [OK07, p.
273].

Theorem 13. Say x(p, t) is a periodic solution to (2.2), with period T0. Then it will
persist as a periodic solution for (2.9) if and only if λ = 0.

Proof. The following will hold if x(p, t) is a periodic solution to (2.9),

0 = H(x(p, 0))−H(x(p, T0)) =
∫ T0

0
Ḣ(x(p, t)) dt

=
∫ T0

0
∇H(x(p, t))ẋ(p, t) dt

=
∫ T0

0
∇H(x(p, t) (J∇H(x(p, t)) + λ∇H(x(p, t)) dt

=
∫ T0

0
H(x(p, t))J∇H(x(p, t)) + λ(∇(H(x(p, t))2 dt

= λ

∫ T0

0
(∇(H(x(p, t))2 dt,

from the fundamental theorem of calculus [Han08, p.101-102]. It is important to note that
∇H(x(p, t) = 0 would imply that x(p, t) is a fixed point from theorem 2 and thereby not
a periodic solution. Hence Periodic orbits of (2.2) only persist when λ = 0.

In general the Hamiltonian is only a first integral for (2.9) when λ = 0:
d

dt
H(x(t)) =Hp1 ṗ1 +Hp2 ṗ2 +Hq1 q̇1 +Hq2 q̇2

=Hp1(Hq1 + λHp1) +Hp2(Hq2 + λHp2)
+Hq1(−Hp1 + λHq1) +Hq2(−Hp2 + λHq2)

=λ
(
H2
p1 +H2

p2 +H2
q1 +H2

q2

)
= λ||∇H||2.
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Hence if ∇H 6= 0, which is always the case for non-fixed points, sign
(
dH
dt

)
= sign(λ). This

means that when changing λ we are switching between level surfaces of the Hamiltonian
by moving along the gradient. When increasing/decreasing λ the energy is increasing/de-
creasing respectively. Thereby this unfolding parameter allows us to identify families of
periodic orbits with increasing/decreasing energy.

We now have a parameter, λ, to use in the pseudo-arclength scheme. By using the notation
x(t, p, λ), where x(0, p, λ) = p, as a periodic solution with period T , one needs to solve the
boundary value problem to find a periodic orbit

ẋ(t) = J∇H(x(t)) + λ∇H(x(t))
x(0) = x(T )

(2.10)

By solving the boundary value problem (2.8) with a solution satisfying (2.10) as the initial
solution one will find the next one in the family of periodic solutions. This problem reduces
to finding the zeros of

F (T, p, λ) =
(

x(T, p, λ)− p
(p− x0(0))T ẋ0(0)

)
, (2.11)

where x0(t) is a initial periodic solution satisfying x0(0, p0, λ) = x0(T0, p0, λ) = p0 [DPK+03].
To make sure solutions branches do exist the Implicit Function Theorem provides us with
the following, and very important, theorem [DPK+03]

Theorem 14. Let x0 be a periodic solution satisfying (2.10) and V (T0) the corresponding
monodromy matrix with 1 as an eigenvalue with geometric multiplicity 1. Then there exists
a unique branch of solutions to (2.11) passing through (T0,x0(0), λ). Further λ equals zero
on this branch.

The general case of this theorem will not be proven, but it will be worked through for
our test problem later in the report. Note that λ vanishes on the solution branch. From
theorem 13 this is the only case the periodic solution satisfies both (2.2) and (2.9). Theorem
14 delivers a sufficient but not necessary condition for the continuation of periodic orbits
in conservative systems. This is shown through a small example.

Example 2. Given a Hamiltonian and corresponding system as in example 1 we add a
dissipative term with an unfolding parameter:

ẋ = J∇H(x1, x2) + λ∇H(x1, x2) =
(
x2 + λx1
−x1 + λx2

)
. (2.12)

For λ = 0 the system (2.12) has the same periodic solutions as (2.4), nemaly x0(t) =
(A sin(t), A cos(t)) with period T0 = 2π and x0(0) = (0, A). We will now show that this
family of periodic orbits can be obtained by the pseudo-arlength principles through the use
of the Implicit Function Theorem.
The vector that needs to be solved for in the pseudo-arclength method is given by

F (2π,x0(0), 0) =
(

x(2π,x0(0), 0)− p
(x0(0)− x0(0))T ẋ0(0)

)
= 0.
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Now to apply the Implicit Function Theorem we need to show that the Jacobian of this
vector has full rank. The Jacobian evaluated at (T, p, λ) = (2π,x0(0), 0) is given by

DF (2π,x0(0), 0) =
[
∂x̄
∂t (2π,x0(0), 0) ∂x̄

∂p (2π,x0(0), 0)− I ∂x̄
∂λ(2π,x0(0), 0)

0
( ˙̄x(2π,x0(0), 0)

)T 0

]
.

This matrix is a 3× 4 matrix, hence we need to show that is has rank 3, i.e. that three out
of the four columns are linearly independent.
The vector ∂x̄

∂t is the initial periodic solution, differentiated with respect to time and eval-
uated at T0. The same applies to

( ˙̄x(2π,x0(0), 0)
)T . The matrix ∂x̄

∂p (2π,x0(0), 0) is the
exact definition of the monodromy matrix. This is given by

V (T ) = Φ(T, 0) =
(

cos(t) sin(t)
− sin(t) cos(t)

)∣∣∣∣∣
t=2π

= I.

Thereby we see that the monodromy matrix has 1 as an eigenvalue but with geometric
multiplicity 2.
Lastly ∂x

∂λ needs to be determined. By differentiating with respect to time we encounter a
differential equation that we can solve to obtain the vector:

d

dt

∂x
∂λ

= ∂ẋ
∂λ

= ∂

∂λ

(
x2 + λx1
−x1 + λx2

)
= ∂

∂λ

(
x2
−x1

)
+
(
x1
x2

)
=
(

0 1
−1 0

)
∂x
∂λ

+ x

By inserting (T, p, λ) = (2π,x0(0), 0) in the last term and using that ∂x
∂λ(0, p, λ) = 0 we get

the differential equation and corresponding solution

d

dt

∂x
∂λ

=
(

0 1
−1 0

)
∂x
∂λ

+A

(
sin(t)
cos(t)

)

⇒∂x
∂λ

= At

(
sin(t)
cos(t)

)

⇒∂x
∂λ

(2π,x0(0), 0) =
(

0
2Aπ

)

This leaves us with the following jacobian matrix

DF (2π,x0(0), 0) =

A 0 0 0
0 0 0 2Aπ
0 A 0 0

 .
We see that 3 of the four columns are linearly independent. To be more precise, we have
the columns corresponding to the derivative with respect to time, p1 and λ are linearly
independent. From the Implicit Function Theorem we now know that we can continue
periodic solutions by expressing the parameters T , p1 and λ as a function of p2. Thereby
we see that a solution branch going through a point, representing an initial periodic orbit,
does exist and is unique even though the Floquet multiplier 1 has geometric multiplicity
2. Hence theorem 14 only provides us with sufficient but not necessary conditions for the
pseudo-arclength continuation scheme to work.

To summarize the last couple of pages, we have now obtained a method of continuing
periodic solutions in a Hamiltonian system numerically. A sufficient but not necessary
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condition for the existence and uniqueness of such a solution branch boils down to having
a floquet multiplier of an initial periodic solution to (2.9) equal to one with geometric
multiplicity 1. A such family of periodic solutions of (2.9) is further also a family of
periodic solutions of the original Hamiltonian system, which makes the method useful. In
practice this method will be applied through the use of AUTO. A minor example showcases
this procedure.

Example 3. A Hamiltonian and corresponding 2-dimensional vectorfield is given by [DPK+03]

H(x1, x2) = 1
2(x2

1 + x2
2) + 1

3x
3
1 (2.13)

ẋ =
(

x2
−x1(1− x1)

)
. (2.14)

A fixed point analysis of the linearized system reveals two fixed points and corresponding
eigenvalues,

Fixed point 1: (x∗1, x∗2) = (0, 0), λ1 = i, λ2 = −i,
Fixed point 2: (x∗∗1 , x∗∗2 ) = (1, 0), λ1 = 1, λ2 = −1.

Hence (x∗1, x∗2) is a center of the linearized system and (x∗∗1 , x∗∗2 ) is a saddle. Thereby a
family of periodic orbits must emanate from (x∗1, x∗2). To calculate this family we introduce
the dissipative system [OK07],

˙̄x =
(
x̄2 + λx̄1(1− x̄1)
−x̄1(1− x̄1) + λx̄2

)
. (2.15)

The fixed points of (2.15) are the same as for (2.14) but the linear stability is different:

Fixed point 1: (x̄∗1, x̄∗2) = (0, 0), λ1 = λ+ i, λ2 = λ− i,

Fixed point 2: (x̄∗∗1 , x̄∗∗2 ) = (1, 0), λ1 =
√
λ2 + 1 , λ2 = −

√
λ2 + 1 .

(x̄∗1, x̄∗2) has spiralling behaviour with stability determined from the value of λ. For λ < 0
the fixed point is stable and for λ > 0 it is unstable. At the exact value λ = 0 the eigen-
values crosses the imaginary axis, which means that the system exerts a hopf bifurcation
and thereby change of stability. At the bifurcation point periodic orbits emanating from
the fixed point exists and this family is equal to the family of periodic orbits of (2.14) from
theorem 13.
When computing this family in AUTO we initialize the algortihm from the fixed point, that
has been shown to have elliptic behaviour around it, (x̄∗1, x̄∗2), and with λ = −0.5. Then we
will run the program and search for hopf bifurcations by varying λ up to 0.5. AUTO will
now detect the point λ = 0 as a hopf bifurcation and we can now search for periodic orbits
emanating from this point.
In figure 2.2 the periodic solutions are shown. Figure 2.2a shows that the family emanates
from the postulated point. Furthermore it is shown that the family terminates at a homo-
clinic orbit at the fixed point (x̄∗∗1 , x̄∗∗2 ). The saddle-type behaviour of this fixed point is
visually present and it governs the shape of the periodic orbits. Figure 2.2b shows that all
the periodic solution only exists when λ = 0. It is a so called vertical branch of periodic
solutions. The L2-norm on the branch is increasing until the before mentioned homoclinic
orbit.
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Figure 2.2

2.3 Summary of Chapter

In this chapter we have obtained the theory necessary to showcase the saddle-node bifur-
cation of periodic orbits that provides us with a maximum energy periodic orbit. From the
first section we acquired general knowledge of Hamiltonian dynamical systems and their
linear stability. This was important for the other sections, as it lay the ground work for
other theorems and will be important for the rest of the report.
In the second section we studied theory on periodic orbit and families of these. First half
focused on the existence of such and when an orbit can be continued. The second half
focused on how to compute these families with the use of the pseudo-arclength method.
Lastly we showed two small examples to illustrate some of the key points.



Chapter 3

Test Problem

3.1 Motivation behind the test problem

Certain properties of dynamical systems, such as bifurcations and fixed points, can some-
times be difficult to grasp. To make the understanding of these kind of phenomena less
abstract the concept of normal forms and simpler test problems are often used. For ex-
ample is the differential equation

ẋ = α+ x2,

used as the normal of a saddle-node bifurcation [Kuz13, p. 78-79], and similarly

xn+1 = −(1 + α)xn + x3
n

is the normal form of a flip bifurcation in the discrete case [Kuz13, p.125-126]. These
examples work as a generic example showcasing the behaviour that is trying to explained.
Many other systems exert similar behaviour and can be analysed and understood in the
context of these.
In this report we hypothesise that the optimal foraging effect trajectory is found at a
saddle-node bifurcation of periodic orbits with the energy as the bifurcation parameter.
Furthermore we want the see if this family of period orbits could emanate from a fixed
point. To understand what we mean with this type of behaviour we have constructed a
test problem, that works as a normal form of this behaviour. The test problem can be
understood and analysed both analytically and numerically due to the fact that we con-
struct it as an integrable system. The properties we are looking for are very prominent
in this problem and it therefore works very well as a reference point for the bigeye tuna
system. The bifurcations can be derived in closed form and the actual optimal energy
periodic orbits can be as well. Lyapunov Center Theorem will also be shown in practice
and the family promised by it will be derived.
Furthermore this test problem showcases the numerical aspect of the last chapter as well.
We can show explicitly how to use the Implicit Function Theorem on the continuation
problem and we will illustrate the use of AUTO. All of this makes the analysis of more
complicated, but qualitatively similar systems, much more tangible.
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The test problem is given by the Hamiltonian

H(x, y, u, v) = 1
2y

2 + 1
2(u2 + v2 − 1)(1 + x) + x3

3

with corresponding system of ODE’s

ẋ = Hy = y, (3.1a)
u̇ = Hv = v(1 + x) (3.1b)

ẏ = −Hx = −
(1

2[u2 + v2 − 1] + x2
)
, (3.1c)

v̇ = −Hu = −u(1 + x). (3.1d)

3.2 Fixed Points and Lyapunov’s Center Theorem

As for any dynamical system a good start, in the analysis, is to determine and characterize
fixed points. From theorem 2 these are given by the stationary points of the Hamiltonian,

∇H =


ẋ
u̇
ẏ
v̇

 =


y

v(1 + x)
1
2 [u2 + v2 − 1] + x2

u(1 + x)

 =


0
0
0
0

 .
We quickly see that y∗ = 0. To satisfy u̇ = 0 and v̇ = 0 we must have u = v = 0 or x = −1.
By inserting x = −1 in ẏ = 0 we notice that u and v must then satisfy u2 + v2 = −1
which is impossible. Hence v∗ = u∗ = 0 is necessary. This gives us the fixed points
(x∗, u∗, y∗, v∗) = (±1/

√
2 , 0, 0, 0).

By utilizing theorem 3 we determine the stability of the fixed points by looking at the
eigenvalues of JD2H evaluated at these points.

JD2H = J


2x u 0 v
u 1 + x 0 0
0 0 1 0
v 0 0 1 + x

 =


0 0 1 0
v 0 0 1 + x
−2x −u 0 −v
−u −1− x 0 0



⇒JD2H|z=z∗ =


0 0 1 0
0 0 0 1± 1/

√
2

∓
√

2 0 0 0
0 −1∓ 1/

√
2 0 0

 ,
where z = (x, u, y, v). This gives us the characteristic polynomial

P (λ) = λ4 +
(3

2 ± 2
√

2
)
λ2 ± 3

2
√

2 + 2,
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which, as expected, is of even order. By a change of variables, λ2 = γ we get the second
order polynomial

P (γ) = γ2 +
(3

2 ± 2
√

2
)
γ ± 3

2
√

2 + 2,

which has the roots

γ = (∓
√

2 ,∓
√

2 − 3/2).

Either P (γ) has two negative roots or it has a positive and a negative. This means that
the roots of P (λ) either has purely imaginary roots or it has two real and two imaginary.
Hence the fixed point with x∗ = 1/

√
2 has a center × center structure and for x∗ = −1/

√
2

we have a center × saddle structure.
From Lyapunov’s Center Theorem we can now conclude that there exists a one parameter
family of periodic orbits emanating from the fixed point with x∗ = −1/

√
2 .

3.3 Periodic Orbits

To derive an expression for a periodic orbit it is very convenient to change coordinates.
From theorem 5 a change of coordinates has to be symplectic for the properties of Hamilto-
nian systems to remain. From theorem 6 we know that g(R,φ) = (

√
2R cos(φ),

√
2R sin(φ))

is a symplectic transformation. Hence we define the new coordinates as

(u, v) = g(R,φ).

By using this we get the new Hamiltonian

H̄(x,R, y, φ) = H̄(x, y,R) = 1
2y

2 +
(
R− 1

2

)
(1 + x) + 1

3x
3. (3.2)

Which gives rise to the following system of ODE’s

ẋ = H̄y = y, (3.3a)
Ṙ = H̄φ = 0, (3.3b)

ẏ = −H̄x = 1
2 −R− x

2, (3.3c)

φ̇ = −H̄R = −1− x. (3.3d)

It is quite important to keep in mind that the new variable, φ, denotes an angle and R
measures the radius. More precisely the radius is given by

√
2R . We get the very pleasant

properties that R is constant in time and the Hamiltonian does not depend on the angle, φ.

We see that neither x, R nor y depend on the angle φ. Hence it is decoupled from
the rest of the system. This means that φ will not affect the rest of the variables, but
will simply rotate independent from them. This property allows us to narrow our research
down to the three dimensional system consisting of (ẋ, Ṙ, ẏ).
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To simplify the analysis further we can take advantage of the fact that R is constant in
time. Hence effectively it is sufficient to study the two dimensional system,

ẋ = y, (3.4a)

ẏ = 1
2 −R− x

2, (3.4b)

with φ rotating through the plane and R as a constant parameter.

The fixed points of (3.4) corresponds to periodic solutions in the entire phase space. These
are given by solving the algebraic equation (ẋ, ẏ) = (0, 0). Firstly we conclude that y∗ = 0
for ẋ to equal zero. The second equation gives

ẏ = 1
2 −R− x

2 = 0⇒ x2 = 1
2 −R→ x = ±

√
1
2 −R .

Hence we have two fixed points given by (x∗, y∗) =
(
±
√

1
2 −R , 0

)
for R ∈

[
0, 1

2

]
. To deter-

mine the stability of these fixed point we derive the jacobian and calculate the eigenvalues
when evaluated at the fixed point.

Df =
[

0 1
−2x 0

]
, λ1 =

√
−2x , λ2 = −

√
−2x .

And inserting the fixed points reveals

(x∗1, y∗1) =
(√

1
2 −R , 0

)
: λ1 = i (2− 4R)1/4 , λ2 = −i (2− 4R)1/4 .

(x∗2, y∗2) =
(
−
√

1
2 −R , 0

)
: λ1 = (2− 4R)1/4 , λ2 = − (2− 4R)1/4 .

Hence we have a pair of purely complex eigenvalues for (x∗1, y∗1) and a pair of real eigenval-
ues, one positive and one negative, for (x∗2, y∗2). We thereby conclude that we are dealing
with one center, (x∗1, y∗1), and one saddle, (x∗2, y∗2) for (3.4). A phase space diagram is
showed in figure 3.1.

From the fact that the system is integrable we can derive an explicit expression for
the periodic orbits through the fixed points.

Theorem 15. Two families of periodic solutions for the system (3.1) are given by

x = ±
√

1
2 −R , (3.5a)

u =
√

2R cos
(
±t
[
1 +

√
1
2 −R

])
, (3.5b)

y = 0, (3.5c)

v =
√

2R sin
(
±t
[
1 +

√
1
2 −R

])
, (3.5d)

for R ∈
[
0, 1

2

]
.
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Figure 3.1: Phase portrait of (3.4) for R = 0.2

Proof. In the process of identifying a periodic solution it is much easier to look at (3.3) and
thereafter use the symplectic transformation to get back to the orignal system coordinates.
We know that the system experience rotation in the (R,φ)-plane. From the fixed points
in the two dimensional system, (ẋ, ẏ), the x-values are given by x = ±

√
1
2 −R and y = 0.

By inserting this in φ̇ and integrating over time we get

φ̇ = −1∓
√

1
2 −R ⇔∫ t

0
φ̇ dt = φ = φ0 ∓ t

[
1 +

√
1
2 −R

]
.

φ0 is an arbitrary constant that determines the initial angle at time zero. We therefore
simply choose φ0 = 0. Inserting this φ and the constant R in the original coordinates
(u, v) =

(√
2R cos(φ),

√
2R sin(φ)

)
reveals the postulated solutions.

We see that this is consistent with Lyapunov Center Theorem. From the fixed point anal-
ysis of (3.1) we saw that (x∗, u∗, y∗, v∗) = (−1/

√
2 , 0, 0, 0) has a center × saddle structure

and therefore a one parameter family of periodic orbits should emanate from it. One sees
that (3.5) are such families with R as the parameter. When R = 0 the family (3.5) with the
negative x-value, x = −

√
1
2 −R , is the exact fixed point (x∗, u∗, y∗, v∗) = (±1/

√
2 , 0, 0, 0).

Hence this family is emanating from that point. Lyapunov Center Theorem is therefore,
in this case, shown to hold.

Every periodic orbit of these families belong to an energy surface in R4 of the Hamil-
tonian and depend only on R. To understand when we have a maximum energy periodic
orbit we must take a closer look at the bifurcation of (3.4) at R = 1

2 .
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(a) R = 0.2 (b) R = 1
2 (c) R = 1

Figure 3.2: Bifurcation of (3.4) visualizing the phase portrait as R transitions from being
less than a half to being larger than a half

3.4 Bifurcation

When R = 1
2 we go from having two fixed points to having just one and when increasing

R further we have none. This type of bifurcation is known as a Hamiltonian saddle-node
bifurcation. Where a normal saddle-node, consisting of a saddle and a node colliding and
disappearing, Hamiltonian systems do not allow this due to theorem 4. A Hamiltonian
saddle-node consists of a center and a saddle colliding and disappearing. This bifurcation
is visualized in figure 3.2.

On the periodic orbits, from theorem 15, x = x∗ and the energy, h, are fixed. This
means that we can express R in terms of x∗ and/or h and thereby use the energy or x∗ as
our bifurcation parameter. If we express R in terms of x∗ we get the following

x∗ =
√

1
2 −R ⇒ R = 1

2 − (x∗)2.

Hence x∗ = 0 at the bifurcation point, R = 1
2 . Further the energy is given by

H̄(x, 0, R) = H̄

(
x, 0, 1

2 − x
2
)

=
(1

2 − x
2 − 1

2

)
(1 + x) + x3

3

= −x2 − x3 + 1
3x

3 = −x2 − 2
3x

3 = h.

To check if the bifurcation point is a maximum we derive the first and the second derivative
and evaluate at x = 0,

hx(x)|x=0 = −2x− 2x2|x=0 = 0
hxx(x)|x=0 = −2− 4x|x=0 = −2.

The first ensures that x = 0 is an extremum and since the second derivative is negative
the bifurcation point is a local maximum of the Hamiltonian. A bifurcation diagram and
a plot of the energy on the different periodic orbits are shown in figure 3.3.
It is shown in figure 3.3a that the system undergoes a saddle-node bifurcation at R = 1

2
with x = 0 as expected. The graph of the energy clearly shows a local maximum at x = 0.
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This means that the maximum energy periodic solution is a realization of a saddle-node
bifurcation.

The optimal periodic solution can be stated in closed form and is given by

(a) Bifurcation diagram. Fixed points,
x∗, in terms of R.

(b) The energy, h, of the Hamiltonian
on the periodic orbits.

Figure 3.3

x = 0, (3.6a)
u = cos (±t) , (3.6b)
y = 0, (3.6c)
v = sin (±t) , (3.6d)

i.e. by taking the periodic solution (3.5) and insert the value of R = 1
2 at the bifurcation,

1
2 . Further the energy of this orbit is given by

H(x, u, y, v) = H(0, cos (±t) , 0, sin (±t))

= 1
2
(
cos2(±t)) + sin2(±t)− 1

)
= 1

2(1− 1) = 0,

just as figure 3.3b shows.

Aim 1 and 2 presented in the introduction has shown to be the case in our test example.
This is, of course, due to the fact that it was constructed for the purpose of visualizing
this.

3.5 Continuation of Periodic Solutions in AUTO

The above sections provide a sound analysis of the periodic orbits of the system and
actually gives us conditions for an optimal such solution in closed form. But this type of
analysis will not always be available since not all systems are integrable. This is the reason
why we make use of numerical methods, such as the pseudo-arclength method, to obtain
results. But since AUTO requires a parameter for the continuation to succeed we have
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to reformulate the system as showed in chapter 2. As mentioned in the second chapter
the conditions for this continuation method to work we need F (T0, z0(T0), λ) = 0 and
DF (T0, z0(0), 0) to have full rank. We show this again for convenience:

F (T, p, λ) =
(

z(T, p, λ)− p
(p− z0(0))T ż0(0)

)
,

where z is a periodic solution for the extended system ż = J∇H + λ∇H. To show that
this is true in our test example we will now explicitly derive DF and show that it has full
rank.

We are looking at the extended system

˙̄x = Hy = y + λ

(1
2[u2 + v2 − 1] + x2

)
, (3.7a)

˙̄u = Hv = v(1 + x) + λu(1 + x) (3.7b)

˙̄y = −Hx = −
(1

2[u2 + v2 − 1] + x2
)

+ λy, (3.7c)

˙̄v = −Hu = −u(1 + x) + λv(1 + x), (3.7d)

and we define the vector z̄ = (x̄, ū, ȳ, v̄).

Firstly we identify F . We quickly see that z̄0(t) = z0(t) defined as (3.5) is also a pe-
riodic solution for (3.7) when λ = 0 and use this as our initial periodic solution. The
period of this solution can be shown to be T0 = 2π/

(
1 +

√
1
2 −R

)
. Hence F (T0, z0(0), λ)

is given by

F (T0, z̄0(0), 0) =
(

z̄(T0, z̄0(0), λ)− z̄0(0)
(z̄0(0)− z̄0(0))T ˙̄z0(0)

)
= 0.

The proposed solution is thereby a solution for the continuation problem. Now from the
implicit function theorem we only need to make sure that the Jacobian, DF (T0, z̄(0), 0),
has full rank to continue the solution. The Jacobian is given by

DF (T, p, λ) =
[
∂z̄
∂t (T, p, λ) ∂z̄

∂p(T, p, λ)− I ∂z̄
∂λ(T, p, λ)

0
( ˙̄z(T, p, λ)

)T 0

]
.

This matrix has the dimensions 5× 6. To show that the matrix has full rank, i.e. rank 5,
it is sufficient to show that 5 out of 6 of the columns are linearly independent.

The vector ∂z̄
∂t (T, p, λ) corresponds to the solution of the system (3.7). And when evaluat-

ing at (T0, z̄0(0), 0) we get the derivative of the initial periodic solution, z̄0(t). Furthermore
the vector,

( ˙̄z(T, p, λ)
)T , is shown to be the same as the periodic solution when evaluated

at (T0, z̄0(0), 0). This gives us

DF (T0, z̄0(0), 0) =


 ˙̄z0(T0, z̄0(0), 0)

 ∂z̄
∂p(T0, z̄0(0), 0)− I ∂z̄

∂λ(T0, z̄0(0), 0)

0
[

˙̄z0(T0, z̄0(0), 0)
]T

0

 ,
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where

˙̄z0(T0, z̄0(0), 0) =


0

−
√

2R
(
1 +

√
1
2 −R

)
sin(2π)

0
√

2R
(
1 +

√
1
2 −R

)
cos(2π)

 =


0
0
0

√
2R

(
1 +

√
1
2 −R

)
 .

Next we identify ∂z̄
∂p(T0, z̄0(0), 0) by solving the matrix differential equation(

∂z̄
∂p

)′
= Df(z̄, λ)∂z̄

∂p
.

This is the variational equation described in the section on Floquet theory, hence when
the solution is evaluated at t = T0 it is the monodromy matrix, V (T0), of the periodic
solution of (3.7). Thereby the matrix, ∂z̄

∂p , is the fundamental solution matrix, for the
linearized system around the periodic orbit, evaluated at t = T0. To solve this we use the
(R,φ)-coordinates. The Jacobian is given by

Df |λ=0 =


0 0 1 0
0 0 0 0
−2x −1 0 0
−1 0 0 0

 ,
and inserting the periodic solution

Df(z0(t))|λ=0 =


0 0 1 0
0 0 0 0
−2x∗ −1 0 0
−1 0 0 0

 ,
where x∗ = −

√
1/2−R . The fundamental solution matrix is given by

Φ(t, t0) =


0 −1 −

√
2x∗ cos

(√
2x∗ t

) √
2x∗ sin

(√
2x∗ t

)
0 2x∗ 0 0
0 0 2x∗ sin

(√
2x∗ t

)
2x∗ cos

(√
2x∗ t

)
1 t sin

(√
2x∗ t

)
cos

(√
2x∗ t

)

 ,
and by applying the initial condition Φ(0, 0) = V (0) = I we get V (t) [Chr09, p. 39-40]

V (t) = Φ(t, 0) = Φ(t, t0)Φ(0, t)−1Φ(0, 0)

=


cos(
√

2x∗ t) − 1
2x∗ + cos(

√
2x∗ t)

2x∗
sin(
√

2x∗ t)√
2x∗ 0

0 1 0 0
−
√

2x∗ sin(
√

2x∗ t) − sin(
√

2x∗ t)√
2x∗ cos(

√
2x∗ t) 0

− sin(
√

2x∗ t)√
2x∗

t
2x∗ −

sin(
√

2x∗ t)
√

2
4(x∗)3/2 − 1

2x∗ + cos(
√

2x∗ t
x∗ 1

 .

The monodromy matrix is revealed by evaluating this matrix at t = T0. We can now
transform back to (u, v)-coordinates. The first column is shown as an example:

x
R
y
φ

 =


cos(
√

2x∗ t)
0

−
√

2x∗ sin(
√

2x∗ t)
− sin(

√
2x∗ t)√

2x∗

⇒

x
u
y
v

 =


x√

2R cos(φ)
y√

2R sin(φ)

 =


cos(
√

2x∗ t)
0

−
√

2x∗ sin(
√

2x∗ t)
0

 .
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Hence the monodromy matrix is given by

V (T0) =


cos(
√

2x∗ t) − 1
2x∗ + cos(

√
2x∗ t)

2x∗
sin(
√

2x∗ t)√
2x∗ 0

0
√

2 cos(ξ) 0 0
−
√

2x∗ sin(
√

2x∗ t) − sin(
√

2x∗ t)√
2x∗ cos(

√
2x∗ t) 0

0
√

2 sin(ξ) 0 0



∣∣∣∣∣∣∣∣∣∣∣
t=T0

,

ξ = t

2x∗ −
sin(
√

2x∗ t)
√

2
4(x∗)3/2 .

The vector ∂z
∂λ(T0, z̄0(0), 0) can be derived by solving a differential equation originating

from the time derivative of it. This equation will be derived in the (R,φ)-coordinates:

(
∂z
∂λ

(T0, z̄0(0), 0)
)′

= ∂

∂λ
˙̄z(T0, z̄0(0), 0) = ∂

∂λ


y + λHx

λHR
1
2 −R− x

2 + λHy

−1− x



= ∂

∂λ


y
0

1
2 −R− x

2

−1− x

+∇H(z̄0)

=


0 0 1 0
0 0 0 0

2x −1 0 0
−1 0 0 0

 ∂

∂λ
z̄ +


R− 1

2 ±
(

1
2 −R

)
1±

√
1
2 −R
0
0

 .

The solution for this differential equation is rather complicated and the exact solution
is not essential. The important thing is the structure of the solution. The solution is a
non-zero vector.

Hence, after switching back to (u, v)-coordinates, the matrix DF (T0, z̄0(0), 0) has the
structure

DF (T0, z̄0(0), 0) =


 ˙̄z0(T0, z̄0(0), 0)

 V (T0)− I

 ∂z̄
∂λ(T0, z̄0(0), 0)


0

[
˙̄z0(T0, z̄0(0), 0)

]T
0



=


0 R R R 0 R
0 0 R 0 0 R
0 R R R 0 R
R 0 R 0 0 R
0 0 0 0 R 0

 .
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Column one and five are clearly linearly independent from the others and each other.
Further column two and four are linearly independent since the vectors

cos(ϕ)
0

sin(ϕ)
0

 ,

− sin(ϕ)

0
− cos(ϕ)

0


are linearly independent for all ϕ. The maximum possible rank of the matrix is five, hence
only one of column three and six can be linearly independent from the others. Hence we
can conclude that the matrix has full rank, i.e. rank five, without knowing the exact value
of the last column.
This means that the Implicit Function Theorem applies and five of the parameters can be
continued in the last one. By interchanging columns the parameter, of which we continue
in, is arbitrary. Further, and more importantly, we can parametrise the solution branch
by the parameter arclength s.

3.5.1 AUTO Simulation and Comparison

After ensuring that a unique solution branch of periodic orbits does exist and can be cal-
culated with the use of the pseudo-arclength method, it is being computed by the use of
AUTO. Since the system is integrable and we already have identified the periodic solutions
in closed we can compare and asses the quality of the numerical results qualitatively and
quantitatively.

When simulating in AUTO we compute periodic orbits of the system (3.7). From the
fact that fixed points of (3.1) persist we use the fixed point with center × saddle struc-
ture, (x∗, u∗, y∗, v∗) = (−1/

√
2 , 0, 0, 0), calculated in the beginning of this chapter. This

was what we did in example 3. We have already seen analytically that a family of periodic
orbits emanates from this point, we now want to see if AUTO can identify it as well. We
initiate with λ = −1 and vary to λ = 1. At λ = 0 a Hopf bifurcation is detected and
from that point AUTO can compute the family of periodic orbits via the pseudo-arclength
method as explained in chapter 2 and the last section. The implementation can be found
in the appendix.

In figure 3.4 the analytically and numerically derived families are plotted. From this
figure one sees that the computational scheme does provide very similar results. Further
AUTO detects a bifurcation at the same point as we analytically derived, x = 0, and shows
that the solution has a maximum L2-norm, which in this case corresponds to a maximal
energy orbit. This is shown in figure 3.5.
To further support the claim about accuracy of the computation, we calculate the error
between the optimal solutions as

E = ||z− z̃|| =
n∑
i=1

(
(x(i)− x̃i)2 + (u(i)− ũi)2 + (y(i)− ỹi)2 + (v(i)− ṽi)2

)1/2
= 6.2 · 10−5,

where z̃i is the discrete computed solution at the time step i, and n is the total number
of time steps. Hence the numerical error can be considered as rather small.
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Figure 3.4: AUTO simulation results
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Figure 3.5: Bifurcation diagram for x.
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3.6 Summary of Chapter

As mentioned in the beginning of the chapter, the motivation for working through this test
problem was to get a better understanding of the phenomenon we hypothesised was behind
an optimal orbit in the bigeye tuna system. We have successfully computed a Hamiltonian
saddle-node bifurcation and shown that the optimal periodic orbit was a realization of this.
Furthermore this orbit was part of a family emanating from a fixed point, as promised
be the Lyapunov Center Theorem. The whole analysis was done analytically as well as
numerically.
Figure 3.3 shows the bifurcation in the parameters R and h. Especially the second case
is significant. This shows that periodic orbits exists for increasing energy levels until a
certain point, the bifurcation point. In this test problem we were able to draw this plot
with the x-value as representation of the periodic orbit. This was only possible since it
was constant on the solutions. For the tuna system this will not be the case, but we can
make similar diagrams with other parameters as showed in figure 1.2.
Besides using this as a generic case of the behaviour we also used it to showcase the
numerical continuation. Firstly we proved that a solution branch could be derived by
the pseudo-arclength scheme and was unique by applying the Implicit Function Theorem.
Lastly used AUTO to compute the branch and showed that it produced results that is very
consistent with the analytical solutions. Both the orbits and the bifurcation was present
in the simulation.
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Chapter 4

Trajectories of the Bigeye Tuna

The bigeye tuna swimming patterns are such that it maximizes the foraging effect. I.e. it
maximizes the energy pr. unit time [TSEP16]. This means that the it is preferable to stay
at the scattering layers where food is abundant but it would also be of great importance
to maintain a swimming velocity that allows the tuna to catch food. Hence we need
expressions describing these phenomena. The entire model presented below originates
from [TSEP16]. Firstly we introduce the food density distribution function

ρ(z) = ρ0 + (ρm − ρ0) exp
[
−1

2
(z − zS)2

σ2

]
.

This function has the shape of a bell curve with a peak at zS . Since this function is
a distribution of density it will always be non-negative. Next we introduce the ambient
water temperature

Ta(z) = T0 − (pz + ∆Tclin) zλ

zλclin + zλ
.

This function returns the water temperature at depth z, with T0 the surface temperature
and λ describing the sharpness of temperature decrease. The third function of relevance
is the heating rate of the tuna

h(∆T ) = 1
2

(
(kh + kl)∆T + (kh − kl)

√
(∆T )2 + τ2

)
,

describing how the body temperature changes as a function of the difference between the
ambient water temperature and the body temperature of the fish at the given time. It is
important to notice that the parameters kh and kl depend on the fork length of the bigeye
tuna. The bigger the fish the slower the cooling rate and vice versa. A critical property is
that the tuna has a higher heating than cooling rate which should allow it to spend more
time at the deep scattering layers. Lastly we show the velocity function

U(T ) = UmL (1− exp[−λ(T − Td)]) , T ≥ Td,

which, not surprisingly, depends on the body temperature, T . Um describes the maximum
velocity of the fish in fork lengths and Td is the temperature at which the tuna stops
moving. This function is positive and bounded since a backward swimming, as well as a



36 Trajectories of the Bigeye Tuna

not moving, fish is not possible as well as a tuna swimming with velocities going towards
infinity.
The parameters not mentioned do, of course, also play a role but the description of these
is left to the reader to find in [TSEP16]. The values of these, that we are working with in
this report, can be found in table A.1 in the appendix. The four functions are shown in
firgure 4.1

The behaviour of the bigeye is described in four variables: The depth, z(t), at which

(a) h(∆T ) (b) U(T )

(c) ρ(z) (d) Ta(z)

Figure 4.1: Graphs of the four functions h(∆T ), U(T ), ρ(z) and Ta(z)

the tuna is at time t, body temperature, T (t), the shadow price of depth, Λ(t) and lastly
the shadow price of body temperature, µ(t). The variables z and T are straightforward to
understand and comprehend. z being the depth of which the tuna find itself at a given
time and T the body temperature at the time. The variables Λ and µ, on the other hand,
does deserve some extra explanation. A shadow price is the gain one can achieve by raising
a certain parameter by a factor [HL01, p. 153-156]. In the case of Λ it describes how much
the foraging effect will increase for the bigeye tuna by being at a deeper level at a given
time. Similarly µ describes the increase in foraging effect the tuna would experience if it
had a larger body temperature.
The dynamics of these variables are that which make up the Hamiltonian vectorfield from
the Hamiltonian function.
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4.1 The Canonical Equations

The Hamiltonian, H : R4 → R, derived from Pontryagins maximum principle [Ber95, p.
101-112] applied to the PDE model [TSEP16], describes the foraging effect of the bigeye
tuna, given a starting point, and is given by

H(z, T,Λ, µ) = µh(Ta(z)− T ) + U(T )
√

Λ2 + ρ2(z) . (4.1)

By defining x = (z, T,Λ, µ)T we get the canonical equations

ẋ = J∇H. (4.2)

We calculate the gradient,

∇H =


Hz

HT

HΛ
Hµ

 =


µh′(Ta(z)− T )T ′a(z) + U(T ) ρ(z)ρ′(z)√

Λ2+ρ2(z)
−µh′(Ta(z)− T ) + U ′(T )

√
Λ2 + ρ2(z)

U(T ) Λ√
Λ2+ρ2(z)

h(Ta(Z)− T )

 , (4.3)

and state the 4-dimensional vectorfield explicitly

ż = HΛ = U(T ) Λ√
Λ2 + ρ2(z)

(4.4a)

Ṫ = Hµ = h(Ta(Z)− T ) (4.4b)

Λ̇ = −Hz = −µh′(Ta(z)− T )T ′a(z)− U(T ) ρ(z)ρ′(z)√
Λ2 + ρ2(z)

(4.4c)

µ̇ = −HT = µh′(Ta(z)− T )− U ′(T )
√

Λ2 + ρ2(z) (4.4d)

The task is now to identify the periodic orbit that maximizes the foraging effect H(x) by
using the theory obtained in chapter 2 and the methods and analytical tools showcased
on the test example in chapter 3.

4.2 Fixed point analysis

We would like to solve the algebraic problem

x∗ = (z∗, T ∗,Λ∗, µ∗)T : ẋ = J∇H(z∗, T ∗,Λ∗, µ∗) = 0,

to get the fixed points of the system (4.4). This gives us the following theorem

Theorem 16. Let T0 be such that

h(T0) = 0.

Furthermore define

g : R+ → R, g(z) = U ′(Ta(z)− T0)ρ(z)
h′(T0) ,
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and
f : R+ → R, f(z) = U(Ta(z)− T0)ρ(z).

Now suppose that z∗ is a stationary points of f :

f ′(z∗) = 0.

Then x∗ = (z∗, Ta(z∗)− T0, 0, g(z∗)) is a fixed point for (4.4).

Proof. The system of consideration is

ż = U(T ) Λ√
Λ2 + ρ2(z)

= 0, (4.5a)

Ṫ = h(Ta(z)− T ) = 0, (4.5b)

Λ̇ = −µh′(Ta(z)− T )T ′a(z)− U(T ) ρ(z)ρ′(z)√
Λ2 + ρ2(z)

= 0, (4.5c)

µ̇ = µh′(Ta(z)− T )− U ′(T )
√

Λ2 + ρ2(z) = 0. (4.5d)

To satisfy (4.5a) we must have Λ = 0 or U(T ) = 0. Since the velocity is always positive
Λ∗ = 0 is the only option. To ensure (4.5b) we choose T such that Ta(z)− T = T0 where
T0 satisfy h(T0) = 0. Hence T ∗ = Ta(z)− T0.

By inserting Λ∗ and T ∗ in (4.5d) we get

µ̇ = µh′(T0)− U ′(Ta(z)− T0)ρ(z) = 0⇒ µ∗ = U ′(Ta(z)− T0)ρ(z)
h′(T0) = g(z).

Lastly we insert Λ∗, T ∗ and µ∗ in (4.5c) to determine z∗,

Λ̇ = −U
′(Ta(z)− T0)ρ(z)

h′(T0) h′(Ta(z)− T )T ′a(z)− U(T )ρ′(z) = 0

⇒ U ′(Ta(z)− T0)ρ(z)T ′a(z) + U(T )ρ′(z) = 0.

By differentiating the function f(z) = U(Ta(z)− T0)ρ(z),

f ′(z) = (U(Ta(z)− T0)ρ(z))′ = U ′(Ta(z)− T0)ρ(z) + U(Ta(z)− T0)ρ′(z)
= U ′(Ta(z)− T0)(Ta(z)− T0)′ρ(z) + U(Ta(z)− T0)ρ′(z)
= U ′(Ta(z)− T0)T ′a(z)ρ(z) + U(Ta(z)− T0)ρ′(z),

one sees that Λ̇|(T,Λ,µ)=(T ∗,Λ∗,µ∗) = f ′(z) which means that solving (4.5c) comes down to
determining z∗ such that f ′(z∗) = 0, i.e. finding the stationary points of f . Inserting this
in µ∗ = g(z) gives the postulated solution

A fixed point such as the one found by theorem 16 raises some questions. Does z∗, such
that f ′(z∗) = 0, always exist? Can we choose T0 such that h(T0) = 0? Can we trust that
h′(T0) 6= 0? All of these considerations have to be made. Otherwise the rest of the analysis
of (4.4) will fail if we are in a case where these are not fulfilled.
Regarding whether or not stationary points of f exist we use a graphical argument. By
simply looking at the graph of f in figure 4.2 one sees that three extrema are present; a
local minimum at z ≈ 390, a local maximum at z ≈ 440 and a local maximum at z ≈ 0.
Further by looking at figure 4.1a it is clear that a T0 such that h(T0) = 0 exists and that
the slope is not equal to zero at that point.



4.2 Fixed point analysis 39

Figure 4.2: Graph of the function f(z).

After identifying the fixed points of (4.4) stability of these should be considered. This is
done, from theorem 3, by looking at JD2H. The structure of the Hessian is given by

D2H =

 A 0 w
0 b 0
wT 0 0

 ,
where A ∈ R2×2 is a square symmetric matrix and w is a 2 dimensional column vector
and b a scalar. These are given by

A =
[
Hzz HzT

HTz HTT

]∣∣∣∣∣
x=x∗

, w =
[
Hzµ

HTµ

]∣∣∣∣∣
x=x∗

, b = HΛΛ|x=x∗

A lot of the entries of the Hessian are, conveniently, zero. This simplifies the analysis quite
a lot. By multiplying with J from left we get the Jacobian

JD2H =

 0 b 0
wT 0 0
−A 0 −w

 .
The characteristic polynomial of this matrix is given by

P (λ) = det(JD2H − λI) = λ4 + αλ2 + β,

where

α = HzzHΛΛ −H2
Tµ, β = HΛΛ(2HzTHzµHTµ −HzzH

2
Tµ −HTTH

2
zµ), (4.6)

both evaluated at the fixed point. This is an even polynomial as expected from theorem
4. By change of variable, σ = λ2, we get

P (σ) = σ2 + ασ + β,
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which has the two roots

σ∗ = −1
2

(
α±

√
α2 − 4β

)
.

Now the stability of the fixed points comes down to properties of β and α. Instead of
going directly to describing stability properties, we start by presenting a lemma that will
be of much help.

Lemma 2. β, defined as in (4.6), can be written as

β = HΛΛ(h′(T0))2(−f ′′(z∗))

Proof. Firstly we derive an expression for the second derivative of f . We start by noticing
that f(z) is equal to the Hamiltonian when evaluated at (z, T ∗,Λ∗, µ∗),

H(z, Ta(z)− T0, 0, g(z∗) = g(z∗)h(T0) + U(Ta(z)− T0)
√

02 + ρ2(z) = U(Ta(z)− T0)ρ(z) = f(z).

The second derivative of f can now be calculated by

f ′′(z) = d2

dz2H(z, Ta(z)− T0, 0, µ∗) = d

dz

(
HTT

′
a(z) +Hz

)
= HTzT

′
a(z) +HTT

′′
a (z) +Hzz

= HTzT
′
a(z) +HTT (T ′a(z))2 +HTT

′′
a (z) +Hzz +HzTT

′
a(z)

= 2HzTT
′
a(z) +HTT (T ′a(z))2 +Hzz +HTT

′′
a (z),

and evaluated at z∗ we see that HT (z∗, T ∗,Λ∗, g(z∗)) = 0 from theorem 16. Hence

f ′′(z∗) = 2HzTT
′
a(z) +HTT (T ′a(z))2 +Hzz.

By looking at Hzµ and HTµ one can rewrite β.

Hzµ = h′(Ta(z)− T )T ′a(z)
HTµ = −h′(Ta(z)− T ).

Inserting this in (4.6) reveals

β =HΛΛ(2HzTHzµHTµ −HzzH
2
Tµ −HTTH

2
zµ)

=HΛΛ2HzTh
′(Ta(z)− T )T ′a(z)(−h′(Ta(z)− T ))

−Hzz(−h′(Ta(z)− T ))2 −HTT (h′(Ta(z)− T )T ′a(z))2)
=HΛΛ(−2HzTh

′2(Ta(z)− T )T ′a(z)
−Hzzh

′2(Ta(z)− T )−HTTh
′2(Ta(z)− T )T ′2a (z))

=HΛΛ(h′(Ta(z)− T ))2(−2HzTT
′
a(z)−Hzz −HTTT

′2
a (z))

Since β is given by the above evaluated at the fixed point we get

β =HΛΛ(h′(T0))2(−2HzTT
′
a(z∗)−Hzz −HTTT

′2
a (z∗)) = HΛΛ(h′(T0)2(−f ′′(z∗)),

which was what we wanted to show.
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This lemma simplifies the proof of the following theorem significantly.

Theorem 17. Let x∗ be a fixed point of (4.4) defined by theorem 16. Then the stability
of this fixed point depends on the curvature of f(z∗) as follows

1. If f(z∗) is a minimum then the fixed point will have a center × saddle structure

2. If f(z∗) is a maximum then the fixed point will have one of three structures

(a) Saddle × saddle structure when 4β < α2 6= 0.
(b) Spiral × spiral structure when 4β > α2 6= 0.
(c) Center × center structure when α = 0.

3. If f ′′(z∗) = 0 then the flow in one plane will either show saddle, for α > 0, or center,
for α < 0, behaviour and in the other plane higher order terms must be studied.

Proof. The stability of x∗ is given by the roots of P (λ) and therefore ±
√
σ∗ . Hence we

need to deduce conditions for the different structures of σ∗. These depend on the values
of β.
We see that the roots of P (σ) are real and of opposite sign when the following applies

|α| <
√
α2 − 4β , α2 − 4β > 0,

For the first one to apply β must be negative. In that way we ensure that the right hand
side will always be larger than the left hand side. Further that one condition automatically
ensures that α2 − 4β never will be zero or less. Therefore we only have the one condition;
β < 0. From lemma 2 we know that the sign of β depends on HΛΛ(h′(T0))2 and f ′′(z∗).
It is clear that (h′(T0))2 cannot be negative. Further

HΛΛ = U(Ta(z)− T0)
ρ(z∗) ,

which is also never negative due to the fact that both the velocity and food density is
non-negative. Therefore the sign of β only depends on the curvature of f at the stationary
point z∗. When the second derivative is negative, i.e. f(z∗) is a local maximum, then
β > 0 and when the second derivative is positive, f(z∗) is a local minimum, then β < 0.
This means that when f(z∗) is a local minimum then we can, for sure, say that P (λ) has
two real roots of opposite sign and two purely imaginary roots. Hence a center × saddle
structure.

If f(z∗) is a local maximum, β > 0, the possibilities are many. Now the roots of P (σ) does
not only depend on the sign of β but also the value of α.
If 4β < α2 then σ∗ will be real and positive, which results in two pairs of real roots of
P (λ) with opposite sign. Hence a saddle×saddle structure.
If 4β > α2 then P (λ) will have four complex roots, i.e. the fixed point will have a
spiral×spiral structure with one of the spirals being stable and the other unstable. If
α = 0 then P (λ) will have four purely imaginary roots. This corresponds to center×center
structure of the fixed point.
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Lastly if f ′′(z∗) = 0 then β = 0 which results in

σ∗ = 1
2
(
α±
√
α2
)

= 1
2(α± α) =

{
0
α
.

Which means that the eigenvalues of the Jacobian will be zero with algebraic multiplicity
two and ±

√
α . The stability in one plane will thereby either exhibit saddle or center

behaviour and the other plane must be studied further, for example by center manifold
analysis [Mei07, p. 198].

With a thorough fixed point analysis, such as the one above, done one can now begin to
study periodic orbits of (4.4).

4.3 Continuation of Periodic Orbits

For the test problem we identified an optimal periodic orbit using two different approaches.
Firstly we made a symplectic coordinate change, which allowed us to study a lower di-
mensional system, from which we could derive periodic orbits, in the full phase space,
explicitly. Secondly we used AUTO to continue periodic orbits from a fixed point, that
was ensured to have a family emanating from it, by Lyapunov Center Theorem. This
continuation was done by the pseudo arclength method, which was shown to work by the
implicit function theorem.
It was made clear afterwards that the two methods delivered the same results and hence
both useful for the purpose. When dealing with the system (4.4) only the second method
is available since it is not integrable. Therefore we make use of the second method; nu-
merical integration and continuation by the use of the pseudo arclength method in form
of AUTO. The fixed point analysis in the previous section lays the groundwork for such
continuation.
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Results

5.1 Continuation from Fixed Point

From Lyapunov Center Theorem it is sufficient to have a fixed point with a center × saddle
structure to have a family of periodic orbits emanating from it. From theorem 17 we know
that it is the case when we choose the fixed point from theorem 16 with z∗ such that f(z∗)
is a minimum. This point is found numerically by using Maple’s function ’fsolve’ with
an initial guess based on graphical considerations. From Lyapunov Center Theorem this
will be a unique one parameter family and assuming theorem 14 applies we can compute
it by using the pseudo-arclength method.

We now reformulate our system so it is in the form (2.9) and start AUTO with the
fixed point mentioned above. Then we vary λ from -0.1 to 0.1 and AUTO will identify the
point at which λ = 0 as a hopf bifurcation. From this bifurcation point we can compute a
family of periodic orbits lying on the level curves of the Hamiltonian. This family will be
referred to as the center × saddle family. The implementation in AUTO can be found in
the appendix.

In figure 5.1 the periodic orbits are shown together with the depth and body tem-
perature of the bigeye tuna individually. We see that the depth shows a more and more
drastic peak at around time equal 0.1 as the orbits are being continued. The temperature
goes from being almost constant to end up oscillating between 21 and 25 degrees with the
peak being sharper and sharper.
This behaviour is not unusual. It seems like the periodic orbits are being continued until
they collide with a fixed point at z = 0 and end up in a homoclinic orbit, not unlike
example 3. From figure 4.2 it does show that the function f exhibits an extremum around
z∗ = 0. At that point T ∗ = Ta(z∗) − T0 ≈ 28 which is approximately the T -value at the
supposed fixed point, that the periodic orbits are moving towards. At that point we see
f ′′(z∗) = 0 which means that, according to therorem 17, to get a proper picture of how
the dynamics are around this point in the full phase space we must study higher order
terms instead of just looking at the linearized system. This does not change the fact that
we observe similarities between this and example 3.
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Figure 5.1: Center × saddle family in scaled time, t ∈ [0, 1]
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In figure 5.1d the value of the Hamiltonian on each periodic solution is plotted against
the period. We see that it is increasing until it reaches a peak. From thereon it decreases
and stays somewhat close to being constant. The peak is a bifurcation point, in the sense
that solutions exist for H ≤ H∗ but not for H > H∗, for H∗ the value of the Hamiltonien
at the peak, and is quite similar to that of the test problem. In figure 3.3b we see that
the Hamiltonian is increasing until a certain point. In the test problem this was derived
analytically. In this case it is numerically computed but in essence they describe the same;
in the family of periodic orbits there is a such with a largest value on the Hamiltonian at
a bifurcation point.

The optimal solution in the center × saddle family is compared with the solution de-
rived from the PDE model in figure 5.2. The two solutions are not similar at all. Our
solution shows much smaller oscillations in depth and especially in body temperature,
which is almost constant. Furthermore the frequency is much higher than it is for the
PDE solution. Lastly in figure 5.2d the whole center × saddle family, including the opti-
mal orbit, is shown to have much lower values on the Hamiltonian than the PDE solution.
This will be discussed in more detail in the next chapter.
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from the PDE model
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5.2 Continuation from Initial Data

The theory of the pseudo-arclength method, explained in chapter two can be used to con-
tinue an initial solution as worked through on the test example in chapter three. In that
case we had an initial periodic solution in closed form. With the use of AUTO that is not
necessary. If we have an initial periodic solution, as data points, satisfying the system of
ODE’s, then we can give that to AUTO and from thereon AUTO can compute a family
of periodic orbits. By using the periodic solution, computed by the PDE optimization
scheme [TSEP16], as an initial solution as in the system (2.9), we can vary the unfolding
parameter and thereby "move" to different level surfaces of the Hamiltonian. This is very
similar to the approach of continuing from a center × saddle fixed point, but this time
we start from an orbit. By doing this we can see how the family surrounding the optimal
trajectory looks like. This family will be referred to as the PDE solution family and is
shown in figure 5.3.

We see that the PDE solution family goes in both directions, meaning there is both

Body Temperature
10 12 14 16 18 20 22 24 26 28 30

D
ep

th

0

100

200

300

400

500

(a) Periodic orbits
Scaled time

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

D
ep

th

0

50

100

150

200

250

300

350

400

450

500

(b) Time series of depth

Scaled time
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

B
od

y 
T

em
pe

ra
tu

re

10

12

14

16

18

20

22

24

26

28

(c) Time series of temperature

Body Temperature Difference
0 2 4 6 8 10 12 14 16

H
(z

,T
,Λ

,µ
)

0.5

1

1.5

2

Hamilton System
PDE MOdel

(d) Value on the Hamiltonian plotted against
Tmax − Tmin

Figure 5.3: PDE solution family with the PDE solution in bold face black.

orbits with increasing amplitude and period and orbits with decreasing amplitude and pe-
riod. In figure 5.3d the value of the Hamiltonian on each periodic orbit is plotted against
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the difference in body temperature, (Tmax − Tmin). We could have used the period, as we
did with the center × saddle family, and get similar results, but the difference in period
from the largest to the smallest was enormous and would therefore give a poor plot. As
we saw for the test problem and again for the center × saddle family there is a maximum
periodic orbit in the family at a bifurcation point.

From figure 5.3a we see that in the increasing amplitude direction it could seem like it
might terminate at a heteroclinic cyclic orbit between the two fixed points (z1, T1) ≈ (0, 28)
and (z2, T2) ≈ (427, 12), both of which comes from a maximum of the function f . The
fixed point (z1, T1) has saddle type behaviour in one plane and non-hyperbolic in the other,
and (z2, T2) has only imaginary eigenvalues. To fully understand the behaviour around
both would require more study.
In the other direction the family seems to move towards a steady state solution at the
fixed point (z2, T2).



48 Results



Chapter 6

Discussion

We will in this chapter discuss the results obtained throughout the report and assess if
we succeeded in answering our aims. This include assessment of the methods used, results
and discussion of the two families of periodic orbits. Furthermore we present ideas to what
can be done as future work.

6.1 Theory and Numerical Computations

The main focus of this report was the computation of the optimal foraging effect solution.
To do this we presented a fair bit of theorems and proofs in chapter 2. It is worth noting
that these theorems were crucial for the report as a whole. Many of them did not provide
us with direct methods to compute the solutions, but only ensured existence. If we did
not have access to this theory a search for periodic orbits would be tedious and we would
probably not succeed. Furthermore working through the proves of the theorems gave us
an understanding of when the theory collapses and what elements that are crucial.
With that being said the theoretical results would not have been enough alone. Without
computational tools we would not be able to obtain the results we did. The bigeye tuna
system was non-integrable and therefore only numerical results were available.
Hence we have showed how important to have both the theory and the numerical methods
in order to solve complicated problems such as the one presented in this report.

6.2 Center × Saddle Family

We saw in figure 5.1 that a family emanating from a fixed point with center × saddle
structure does exist just as it did for the test problem. Unlike the test problem it was not
available in closed form though. Never the less Lyapunov Center Theorem was shown to
hold for the canonical equations. The thorough fixed point analysis was the basis for this.
As mentioned, only numerical orbits could be computed, which was done through the use
of the pseudo-arclength method in AUTO and the results were shown in figure 5.1. While,
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in the test example, we could simply plot the energy against the variable x, since x = x∗

was constant on the periodic solutions, this way of visualizing the saddle-node bifurcation
was not an option for the canonical equations. Instead we represented the periodic solu-
tions by their period and observed very similar behaviour. As the foraging effect increased
so did the period until a certain point. At this point increasing the Hamiltonian would
result in the vanishing of periodic orbits. I.e. we could reach a maximum foraging effect
periodic solution. For increasing periods the Hamiltonian would decrease which resulted
in the plot 5.1d that, in essence, describes the same phenomenon as figure 3.3b did for the
test problem: The hypothesised saddle-node bifurcation of periodic orbits emanating from
a fixed point.

Regarding aim 3 we wanted to know if the optimal solution within the center × saddle
family was the same as the orbit computed by the PDE optimization scheme [TSEP16].
In figure 5.2 our optimal solution was compared to the PDE solution. They were shown
to be different from one another and the PDE model solution was shown to have more
than double the foraging effect than the center × saddle family optimum. This means that
even though we were able to identify a maximum foraging effect periodic solution, as an
optimum in a family emanating from a fixed point, this cannot be classified as a global
optimal solution but only a local maximum.

6.3 PDE Solution Family

Unfortunately a global maximum periodic solution could not be found through the use
of Lyapunov Center Theorem. We did compute the family, promised by it, but it only
exerted a local maximum periodic orbit.
By applying the pseudo-arclength method on a set of data points, the PDE model solution,
we could still test the theses that the optimal solution was an optimum in a family of peri-
odic orbits. The continuation was done successfully but an interesting thing was observed.
We see from 5.3d that the PDE solution is not the maximum foraging effect periodic orbit.
The maximum orbit is found to have approximately one fourth of the amplitude in body
temperature and a value on the Hamiltonian slightly larger.
The dynamic programming scheme, that resulted in the PDE, should be such that only
the optimal periodic solution can be derived [Ber95]. This means that there could be
numerical errors in the computation of the solution in the PDE scheme or elsewhere.

Nevertheless we do observe that the optimal periodic solution is at a bifurcation point
similar to that of the test problem and the extremal of the center × saddle family.

6.4 Future Work

For future work there are many ways one could continue from here. We will shortly explain
a few.
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6.4.1 Bifurcation Diagrams from PDE Solution

An example of how one can make use of the PDE solution family is the creation of bifurca-
tion diagrams. One could initiate a continuation with the maximum foraging effect orbit,
and vary a parameter such as the fork length, L. By doing this one could find new solu-
tions satisfying new values of L. From a such solution, varying the unfolding parameter
could reveal an optimal solution, just as we have done earlier, for the new value of L. By
repeating this process one could compute the bifurcation diagrams that was unavailable
in the PDE model due to computation time and numerical inaccuracy.

6.4.2 Compute the Global Maximum Orbit Without an Initial Orbit

Creating a method to compute an optimal periodic solution without an initial orbit would
be of great value. It would allow us to solve the optimization problem in every situation
and without being dependent on the PDE model solutions.

An in depth study of the PDE solution family could reveal ways of computing it without
an initial solution. From figure 5.3a we have a strong believe that the family could emanate
from the fixed point (z2, T2) ≈ (427, 12). We see that the period, as well as the amplitude
in both depth and temperature, is decreasing towards zero which would mean that the
family could end up in a fixed point. On this fixed point f(z2) is a maximum and α is close
to zero. From theorem 17 this means that the fixed point has a center × center structure.
From Lyapunov Center Theorem this implies that two families of periodic orbits emanates
from it, assuming that ω1/ω2 /∈ Z where ±ω1,±ω2 the eigenvalues of the Jacobian. One
of these families could be the optimal periodic solution family. To compute these families
would require a different method than the one presented in this report. In the case of a
center × saddle fixed point the family of periodic solutions was unique which meant that
we could compute it using AUTO. If a solution branch is not isolated AUTO runs into
trouble computing a such.

6.4.3 Ecological Considerations and Implications

In this report the aims have been of mathematical character only. But a for model, describ-
ing a real life phenomenon, a mathematical analysis should be followed by an interpretation
of the results. The optimal foraging effect trajectory has already been analysed and verified
to be physically accurate in the case of the parameter values used in this report [TSEP16].
But what about the non-optimal trajectories? Do they have any ecological meaning? Or
are they just useful to continue orbits? These questions could be addressed and would
maybe give an insight into the behaviour of the bigeye tuna.

As mentioned in the introduction the reason for studying the trajectories as a Hamiltonian
dynamical system, instead of just focussing on the PDE model, was the potential increase
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in accuracy and decrease in computation time. The long term goal is to assess how each
parameter affects the trajectories of the bigeye tuna, i.e. bifurcation diagrams of various
parameters. If these are obtained then one can for example predict how climate change
could influence the species or use them to set fishing quotas, etc. [TSEP16],[Som13]. As
mentioned above we might have a way to compute these diagrams through continuation
from the already obtained PDE solution.



Chapter 7

Conclusion

In the introduction we set up three aims. These are being restated for convenience:

Aim 1. Can we identify an optimal periodic orbit as a realization of a saddle-node bifur-
cation of periodic solutions?

Aim 2. Assuming we succeed in aim one, could this family of periodic solutions em-
anate from a fixed point?

Aim 3. Can we compute a periodic orbit through aim 1 and 2 that is similar to the
optimal trajectories derived from the PDE model?

After presenting all of the necessary theory on fixed points, periodic orbits and numerical
continuation we analysed a test problem to showcase what we meant by aim 1 and 2.
This test problem had the exact properties hypothesised and was used to give us a better
understanding of how the behaviour, we were searching for, would look like in an ideal
setting. It very much outlined the underlying behaviour and gave us solutions that we
could reference back to, for better understanding of certain results from the bigeye tuna
system. Furthermore it showcased how we would utilise AUTO to compute optimal orbits .

When it came to the Hamiltonian dynamical system describing the trajectories of the
bigeye tuna we found a fixed point with a center × saddle structure from which we could
compute a family of periodic orbits. Within this family we could identify an optimal for-
aging effect periodic solution as a Hamiltonian saddle-node bifurcation of periodic orbits.
Just as showcased in the test problem. Unfortunately this was only a local maximum and
not a global. This was concluded after realizing that the foraging effect of the PDE model
solution was more than double the value of the center × saddle family optimum. Aim 1
and 2 was therefore partially successful since a local maximum was obtained through the
bifurcation and the family emanated from a fixed point. But aim 3 was not met.

By using the optimal solution from the PDE model to initiate a continuation we suc-
ceeded in showing that a global maximum periodic orbit was at a bifurcation of periodic
orbits. Surprisingly the PDE solution was not that orbit. If this is due to errors is not
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known at the current time.
On the other hand this family showed that an optimal solution could emanate from a fixed
point as hypothesised, but not from the center × saddle point from which we computed a
family.
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Parameters



56 Parameters

Symbol Parameter Default value Unit
T0 Surface temperature 28 ◦28
zclin Depth of thermocline 160 m
∆Tclin Temperature drop over thermocline 8 ◦8
p Temperature gradient below thermocline 0.02 ◦C/m
λ Sharpness of thermocline 5 -
zS Depth of peak food density 450 m
σ Thickness of food layer 25 m
ρm Peak food abundance in the deep scattering layer 1 m−1

ρ0 Food abundance far from the deep scattering layer 0.4 m−1

L Fork length 0.91 m
kl Heat exchange rate while cooling 0.01 min−1

kh Heat exchange rate while heating 0.1 min−1

τ Range of transition between kl and kh 0.2 ◦C

Um Maximum swimming speed in fork lengths 2 s−1

Td Temperature below which the fish stalls 11 ◦C
λ Sensitivity of speed to temperature 0.75 ◦C−1

Table A.1: Model parameters for the canonical equations [TSEP16]



Appendix B

AUTO Code for the Test Problem

Calling sequence:

1. run1 = run(e = ’test’, c = ’test.2’)

2. run2 = run(run1(’HB1’), c = ’test.3’)

B.0.1 The functions file, .F90

! ----------------------------------------------------------------------
! ----------------------------------------------------------------------
! Test problem , rewriting of the demo ’ab ’
! ----------------------------------------------------------------------
! ----------------------------------------------------------------------

!The gradient of the Hamiltonian
FUNCTION diffx(x,y,uu ,vv) result ( output )

DOUBLE PRECISION :: x,y,uu ,vv
intent (in) :: x,y,uu ,vv
DOUBLE PRECISION :: output

output = (1./2. * (uu*uu + vv*vv - 1.) + x*x)
end FUNCTION

FUNCTION diffy(x,y,uu ,vv) result ( output )
DOUBLE PRECISION :: x,y,uu ,vv
intent (in) :: x,y,uu ,vv
DOUBLE PRECISION :: output

output = y
end FUNCTION
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FUNCTION diffuu (x,y,uu ,vv) result ( output )
DOUBLE PRECISION :: x,y,uu ,vv
intent (in) :: x,y,uu ,vv
DOUBLE PRECISION :: output

output = uu * (1.0 d0 + x)
end FUNCTION

FUNCTION diffvv (x,y,uu ,vv) result ( output )
DOUBLE PRECISION :: x,y,uu ,vv
intent (in) :: x,y,uu ,vv
DOUBLE PRECISION :: output

output = vv * (1.0 d0 + x)
end FUNCTION

SUBROUTINE FUNC(NDIM ,U,ICP ,PAR ,IJAC ,F,DFDU ,DFDP)
! ---------- ----

! Evaluates the algebraic equations or ODE right hand side

! Input arguments :
! NDIM : Dimension of the ODE system
! U : State variables
! ICP : Array indicating the free parameter (s)
! PAR : Equation parameters

! Values to be returned :
! F : ODE right hand side values

! Normally unused Jacobian arguments : IJAC , DFDU , DFDP (see manual )

IMPLICIT NONE
INTEGER NDIM , IJAC , ICP (*)
DOUBLE PRECISION U(NDIM), PAR (*), F(NDIM), DFDU (*), DFDP (*)
DOUBLE PRECISION x,y,uu ,vv ,E, diffuu , diffvv

! Declaring variables of which we want to solve
x=U(1)

uu=U(2)
y=U(3)

vv=U(4)
E=PAR (1)

! Declaring the vectorfield
F(1) = diffy(x,y,uu ,vv) + E * diffx(x,y,uu ,vv)

F(2) = diffvv (x,y,uu ,vv) + E * diffuu (x,y,uu ,vv)
F(3) = - diffx(x,y,uu ,vv) + E * diffy(x,y,uu ,vv)
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F(4) = - diffuu (x,y,uu ,vv) + E * diffvv (x,y,uu ,vv)

END SUBROUTINE FUNC
! ----------------------------------------------------------------------
! ----------------------------------------------------------------------

SUBROUTINE STPNT(NDIM ,U,PAR ,T)
! ---------- -----

! Input arguments :
! NDIM : Dimension of the ODE system

! Values to be returned :
! U : A starting solution vector
! PAR : The corresponding equation - parameter values
! T : Not used here

IMPLICIT NONE
INTEGER NDIM
DOUBLE PRECISION U(NDIM), PAR (*), T

! Initialize the equation parameters
PAR (1)= -1.

! Initialize the solution
U(1)= -1.0 d0/SQRT (2.0 d0)
U (2)=0.

U (3)=0.
U (4)=0.

END SUBROUTINE STPNT

! ----------------------------------------------------------------------
! ----------------------------------------------------------------------
! The following subroutines are not used here ,
! but they must be supplied as dummy routines

SUBROUTINE BCND
END SUBROUTINE BCND

SUBROUTINE ICND
END SUBROUTINE ICND

SUBROUTINE FOPT
END SUBROUTINE FOPT

SUBROUTINE PVLS
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END SUBROUTINE PVLS
! ----------------------------------------------------------------------
! ----------------------------------------------------------------------

B.0.2 The constants files

c.test.2

! Rewriting of the demo ’ab ’

NDIM= 4, IPS = 1, IRS = 0, ILP = 1
ICP = [1]
NTST= 50, NCOL= 4, IAD = 3, ISP = 1,

ISW = 1, IPLT= 0, NBC= 0, NINT= 0
NMX= 400, NPR= 400, MXBF= 10, IID = 2,

ITMX= 8, ITNW= 5, NWTN= 3, JAC= 0
EPSL= 1e-07, EPSU = 1e-07, EPSS = 1e -05
DS = 0.1, DSMIN= 0.001 , DSMAX= 0.05 , IADS= 1
NPAR= 3, THL = {11: 0.0} , THU = {}
UZSTOP = {1: 0.25}

c.test.3

! Rewriting of the demo ’ab ’

NDIM= 4, IPS = 2, IRS = 4, ILP = 0
ICP = [1, 11]
NTST= 50, NCOL= 4, IAD = 3, ISP = 1,

ISW = 1, IPLT= 0, NBC= 0, NINT= 0
NMX= 3000 , NPR= 250, MXBF= 10, IID = 2,

ITMX= 8, ITNW= 5, NWTN= 3, JAC= 0
EPSL= 1e-07, EPSU = 1e-07, EPSS = 1e -05
DS = 0.0005 , DSMIN= 0.0001 , DSMAX= 0.0009 , IADS= 1
NPAR= 3, THL = {11: 0.0} , THU = {}
UZSTOP = {1: -1, 11: 100.0}
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AUTO Code for the Bigeye Tuna
Equations

Calling sequence for continuation from fixed point:

1. runFixed1 = run(e = ’tun’, c = ’tun.1’)

2. runFixed2 = run(runFixed1(’HB1’), c = ’tun.2’)

Calling sequence for continuation from data:

1. runData = run(e = ’tun’, c = ’tun.3’)

C.0.1 The function file, .F90

! ----------------------------------------------------------------------
! ----------------------------------------------------------------------
! Vertical Migration of Bigeye Tuna , ! Rewriting of the demo ’ab ’
! ----------------------------------------------------------------------
! ----------------------------------------------------------------------

!The function h(T)
FUNCTION h(T) result ( output )

DOUBLE PRECISION T, kh , kl , tau
intent (in) T
DOUBLE PRECISION output

kh = 0.1 / 60.
kl = 0.01 / 60.
tau = 0.2
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output = 1./2. *( (kh + kl) * T + (kh - kl) &
* sqrt( T ** 2. + tau ** 2. ) )

end FUNCTION

!The derivitive of the function h(T)
FUNCTION hm(T) result ( output )

DOUBLE PRECISION T, kh , kl , tau
intent (in) T
DOUBLE PRECISION output

kh = 0.1 / 60.
kl = 0.01 / 60.
tau = 0.2

output = 0.5 * kh + 0.5* kl + 0.5 * (kh - kl) * T &
/ sqrt( T ** 2. + tau ** 2. )

end FUNCTION

!The function U(T)
FUNCTION U(T) result ( output )

DOUBLE PRECISION T, Umm , L, llambda2 , Td , UUU , epsilon
intent (in) T
DOUBLE PRECISION output

Umm = 2.
L = 0.91
llambda2 = 0.75
Td = 11.
epsilon = 0.0001

output = Umm * L * (1. - exp(- llambda2 * (T - Td )))

end FUNCTION

!The derivitive of the function U(T)
FUNCTION Um(T) result ( output )

DOUBLE PRECISION T, Umm , L, llambda2 , Td , epsilon ,UUU
intent (in) T
DOUBLE PRECISION output

Umm = 2.
L = 0.91
llambda2 = 0.75
Td = 11.
epsilon = 0.0001
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output = Umm * L * llambda2 * exp( -llambda2 * (T-Td) )

end FUNCTION

!The function rho(z)
FUNCTION rho(z) result ( output )

DOUBLE PRECISION z, rho0 , rhomm , zS , sigma
intent (in) z
DOUBLE PRECISION output

rho0 = 0.4
rhomm = 1.
zS = 450.
sigma = 25.

output = rho0 + (rhomm - rho0) * exp(- 1./2. *(z - zS) ** 2.&
/ (sigma ** 2.) )

end FUNCTION

!The derivitive of the function rho(z)
FUNCTION rhom(z) result ( output )

DOUBLE PRECISION z, rho0 , rhomm , zS , sigma
intent (in) z
DOUBLE PRECISION output

rho0 = 0.4
rhomm = 1.
zS = 450.
sigma = 25.

output = - ( (rhomm - rho0) * (z - zS) ) &
* exp( -1./2. * (z - zS) ** 2. / (sigma ** 2. )) &
/ (sigma ** 2.)

end FUNCTION

!The function Ta(z)
FUNCTION Ta(z) result ( output )

DOUBLE PRECISION z, T0 , p, deltaTclin , llambda , zclin
intent (in) z
DOUBLE PRECISION :: output

T0 = 28.
p = 0.02
deltaTclin = 8.
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llambda = 5.
zclin = 160.

output = T0 - (p * z + deltaTclin ) * z ** llambda &
/ (zclin ** llambda + z ** llambda )

end FUNCTION

!The derivitive of the function Ta(z)
FUNCTION Tam(z) result ( output )

DOUBLE PRECISION z, T0 , p, deltaTclin , llambda , zclin
intent (in) z
DOUBLE PRECISION :: output

T0 = 28.
p = 0.02
deltaTclin = 8.
llambda = 5.
zclin = 160.

output =-(p * z ** llambda )/( zclin ** llambda + z ** llambda )&
- (p * z + deltaTclin ) * z ** llambda * llambda &
/(z * (zclin ** llambda + z ** llambda ) ) &
+(p * z + deltaTclin )*(z ** llambda )** 2. * llambda &
/ ((( zclin ** llambda + z ** llambda ) ** 2.) * z)

end FUNCTION

!The gradient of the Hamiltonian
FUNCTION Hz(z,T,Lambda ,mu) result ( output )

DOUBLE PRECISION z,T,Lambda ,mu
intent (in) z,T,Lambda ,mu
DOUBLE PRECISION output

output = mu * hm(Ta(z) - T) *Tam(z) + U(T) * rho(z) *&
rhom(z)/ sqrt( Lambda ** 2. + rho(z) ** 2.)

end FUNCTION

FUNCTION HT(z,T,Lambda ,mu) result ( output )
DOUBLE PRECISION z,T,Lambda ,mu
intent (in) z,T,Lambda ,mu
DOUBLE PRECISION output

output = -mu * hm(Ta(z) - T) + Um(T)&
* sqrt( Lambda ** 2. + rho(z) ** 2. )

end FUNCTION

FUNCTION HLambda (z,T,Lambda ,mu) result ( output )
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DOUBLE PRECISION z,T,Lambda ,mu
intent (in) z,T,Lambda ,mu
DOUBLE PRECISION output

output = U(T) * Lambda / sqrt( Lambda ** 2. + rho(z) ** 2.)
end FUNCTION

FUNCTION Hmu(z,T,Lambda ,mu) result ( output )
DOUBLE PRECISION z,T,Lambda ,mu
intent (in) z,T,Lambda ,mu
DOUBLE PRECISION output

output = h(Ta(z) - T)
end FUNCTION

SUBROUTINE FUNC(NDIM ,U,ICP ,PAR ,IJAC ,F,DFDU ,DFDP)
! ---------- ----

! Evaluates the algebraic equations or ODE right hand side

! Input arguments :
! NDIM : Dimension of the ODE system
! U : State variables
! ICP : Array indicating the free parameter (s)
! PAR : Equation parameters

! Values to be returned :
! F : ODE right hand side values

! Normally unused Jacobian arguments : IJAC , DFDU , DFDP (see manual )

IMPLICIT NONE
INTEGER NDIM , IJAC , ICP (*)
DOUBLE PRECISION U(NDIM), PAR (*), F(NDIM), DFDU (*), DFDP (*)
DOUBLE PRECISION z,T,mu ,Lambda ,E,Hz , HT , Hmu , HLambda

! Declaring variables for which we want to solve
z=U(1)
T=U(2)

Lambda =U(3)
mu=U(4)

E=PAR (1)

! Declaring the vectorfield
F(1) = HLambda (z,T,Lambda ,mu) + E * Hz(z,T,Lambda ,mu)
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F(2) = Hmu(z,T,Lambda ,mu) + E * HT(z,T,Lambda ,mu)
F(3) = -Hz(z,T,Lambda ,mu) + E * HLambda (z,T,Lambda ,mu)
F(4) = -HT(z,T,Lambda ,mu) + E * Hmu(z,T,Lambda ,mu)

END SUBROUTINE FUNC
! ----------------------------------------------------------------------
! ----------------------------------------------------------------------

SUBROUTINE STPNT(NDIM ,U,PAR ,T)
! ---------- -----

! Input arguments :
! NDIM : Dimension of the ODE system

! Values to be returned :
! U : A starting solution vector
! PAR : The corresponding equation - parameter values
! T : Not used here

IMPLICIT NONE
INTEGER NDIM
DOUBLE PRECISION U(NDIM), PAR (*), T

! Initialize the equation parameters
PAR (1)= -0.1

! Initialize the solution
U(1)= 387.83316320068257491
U(2)= 12.714013420272544957658039071607330700502780850094

U(3)= 0.
U(4)= 532.15923771275550501

END SUBROUTINE STPNT

! ----------------------------------------------------------------------
! ----------------------------------------------------------------------
! The following subroutines are not used here ,
! but they must be supplied as dummy routines

SUBROUTINE BCND
END SUBROUTINE BCND

SUBROUTINE ICND
END SUBROUTINE ICND

SUBROUTINE FOPT
END SUBROUTINE FOPT
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SUBROUTINE PVLS
END SUBROUTINE PVLS

! ----------------------------------------------------------------------
! ----------------------------------------------------------------------

C.0.2 The constants file for continuing from a fixed point

c.tun.1

! Rewriting of the demo ’ab ’

NDIM= 4, IPS = 1, IRS = 0, ILP = 1
ICP = [1]
NTST= 2000 , NCOL= 4, IAD = 3, ISP = 1,

ISW = 1, IPLT= 0, NBC= 0, NINT= 0
NMX= 400, NPR= 100, MXBF= 10, IID = 2,

ITMX= 8, ITNW= 5, NWTN= 3, JAC= 0
EPSL= 1e-6, EPSU = 1e-6, EPSS = 1e-5
DS = 0.0001 , DSMIN= 0.00001 , DSMAX= 0.002 , IADS= 1
NPAR= 1, THL = {11: 0.0} , THU = {}
UZSTOP = {1: 0.25}

c.tun.2

! Rewriting of the demo ’ab ’

NDIM= 4, IPS = 2, IRS = 4, ILP = 0
ICP = [1, 11]
NTST= 2600 , NCOL= 4, IAD = 3, ISP = 1,

ISW = 1, IPLT= 0, NBC= 0, NINT= 0
NMX= 100000 , NPR= 1000 , MXBF= 100, IID = 2,

ITMX= 8, ITNW= 5, NWTN= 3, JAC= 0
EPSL= 1e-07, EPSU = 1e-07, EPSS = 1e -05
DS = 0.001 , DSMIN= 0.01 , DSMAX= 0.05 , IADS= 1
NPAR= 1, THL = {11: 0.0} , THU = {}
UZSTOP = {1: -1, 11: 400000.0}

C.0.3 The constants file for continuing from data

c.tun.3

! Rewriting of the demo ’lor ’

!One period of the PDE solution
dat = ’orbit ’
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NDIM= 4, IPS = 2, IRS = 0, ILP = 0
ICP = [1, 11]
NTST= 50, NCOL= 4, IAD = 3, ISP = 2,

ISW = 1, IPLT= 4, NBC= 0, NINT= 0
NMX= 2000 , NPR= 150, MXBF= 10, IID = 2,

ITMX= 8, ITNW= 7, NWTN= 3, JAC= 0
EPSL= 1e-07, EPSU = 1e-07, EPSS =0.0001
DS = -0.2, DSMIN= 0.0001 , DSMAX= 0.7, IADS= 1
NPAR = 2, THL = {11: 0. ,1:1}, THU = {}
UZSTOP = {1: 2 ,11: 1000.0}
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